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Problem 1

Let |1) = [ (1) } and |2) = [ (1) ] . Then, we can write the operators P and R in matrix representa-

tion.
P=loy] )
R-| 0 @

with a, b, A, and B real numbers. Then, we can directly substitute P and R into the matrix
element to determine the parameters.
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= P = { (2) b } with a free parameter b (3)

Similarly,

AR =1=A=1
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UR) = T = Jwf = § —w= e
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(UR1) = = B =
1 Leit
= R = [ 1,0 21 } with a free parameter 6 (4)
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Problem 2
(a)

ZEOU (j| = ZEOU (7)

Al = ZW*[lj FDGIHINGHI =) Wi+ DG+ DG+ =A  (8)
j=1 i=1
Q=T +A) =TT +AT=T+A=T (9)

SoT', A, and 2 are Hermitian. If one of the two terms were missing in the definition of A,
we would have

A=Y Wi+ 1) # A (10)
j=1

and A would not be Hermitian.

(b) There are two ways to do this.

(1) The easiest way is that we can see that in matrix representation, I' is proportional to
Identity matrix. Thus

Al = Ep[I,A] =0 (11)
(2) Here I use the Dirac notations.
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= S EW (1) + 1] + 15 + 1)4]) (12)
j=1

Similarly,

SWING+ U+ +00N ] | D Eoli)

j=1 J'=1
=Y EW[H G+ 1+ Y EoWlj+1){j]
j=1 J=1
=D BoW (I3){7 + 1+ 1j + 1){]) (13)
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Then we can see [I', A] =0



(¢) According to the problem, we make a guess about the form of eigenvectors, and now we
directly write down the eigenvalue equation

Ey — w; w w et
w Ey—w w 20
........................................................ - 1
.oooow Ey—wpo o owo L. etk (14)
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Let’s consider the kth row of the characteristic equation, which gives us

wei(k—l)@; + (EO _ wl)eikel + wzei((k+1)9l — 0
= FEy — w; + 2wcos(f;) =0
)

= w; = Ep + 2w cos(6; (15)

Thus, we can see that the eigenvectors we guess actually work. So, to sum up, the eigenvalues
are given above and eigenvectors are

ei@[
20,
LIe (16)
V) = —— ..
L=
ez’n@l

In order to see clearly how w; depends on 6}, let’s sketch a graph of the eigenvalue w; as a
function of §; with [ =1,...,n.
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Figure 1: w; vs 6,



Problem 3

In the eigenbasis of the Hermitian operator €2, the matrix representation of €2 is

w1 0 0
0= 0 w2 0 (17)
0 O Wn,
Thus, it’s easy to see that
> o
n=0
l+w +w?+... 0 0
0 l+we+wi+... 0
I (18)
0 0 1+ wp+w2+...
(1—w) ! 0 0
0 (1—w)™t 0
= =(1-Q)! (19)
0 0 (1—w,)™ !

Thus, as far as convergence condition is concerned, each of the eigenvalue should be less than 1.
Which means

wi<l fori=1,....n (20)



Problem 4

(a) (1) In H’s eigenbasis. We can see that

(G|UTU|5) = e @i=wi(i|5) = 6;;
=Utu =1

Thus, U = €' is unitary.

(2) Let’s directly expand U and UT using Taylor expansion

UtU = e et

H? H? H?
= |:1—iH—2'+i+...:| [I—H'H——

3! 2!

) H?> H3> H* H°
:|:1+ZH_2_ZS'+4'+Z5'+ ....... :|
[ H3 H*  HP
. 2 . .
+-—ZH+H +l7—?—1?+ ...... :|
[ H? H® H*  H®
+__7_27+2><2+22><3!+ ...... :|
H3 H* H5
—"_ -Zﬁ - ﬁ - 2 >< 3‘ ...... ]
(H* H> H
+ j + 'LI — Z? 4+ ...... :|
Thus, U is unitary.
(b) In H’s eigenbasis, we can write
iy 0 0
0 <FE, O
H=| ...
0 0 ik,
Thus, we can know that
(iEy)™ 0 0
0 (iE2)™ 0
(GH) = | .

(22)



Then, we can write U as

|
m—0 m:
Zoo (iE1)™
m=0 m! o

: 0o iEo)™
0 D 0( 2)

m!

Then, it’s trivial to see that

Det(U) _ 62’(E1+E'2+ ..... ) —

(25)



Problem 5

Let’s simply do Taylor expansion.

. o0 . A0 2n—1
Sin(AQ) = > (-1) 1((271)_1)'
n=1 ’
> . A0 2n—2
COS()\Q) = Z(—l) 122?1)_2)‘
n=1
Then, it is trivial to see that
dSin(AQ) < QAInTig2n=t L(AQ)2n—2
— = > (=1t @ - Q Z 7271 ) = QCos(\Q)

n=1

(29)



