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v. 2: corrections to eqns 66, 67, 68.

Problem 1

When [A, [A, B]] = [B,[A, B]] = 0,
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where by % we mean treat B as a number for the purpose of taking the derivative. In (11) the
order of derivative and [A, B] is not important because [B, [A, B]] = 0.
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We used the lemma proved at the top to go from (15) to (16).
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where V(X) = 322° , LV(WX™ for some numbers V(”).

Also, we can calculate ([P, V(X)]) using the position basis representation of (x|P|z’), which
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Problem 2
By symmetry,
(P) = (R) =0 (33)

Let’s assume that the ground state is a state with the minimum uncertainty, /2. Then,

h2

(AP)* (AR)* = (P?) (R?) = T (34)
Therefore,
(H) = 5 (P?) = — o = o (%) = 2P )
2m (R?) 2m h
This has a minimum at (P?) = 2me?/h, giving (H) = —2me*/h?. Thus the ground-state

energy will be of the same order of magnitude as this. This estimate is 4 times larger in magnitude
than true value due to treating P and R as one-dimensional operators — the estimate in Shankar
was closer to the actual value because uncertainties were treated more carefully.

Problem 3

Let’s use the operator identity proven in Problem 1, [A, f(B)] = % [A, B]. Then,
[e”A, B] = ne [A, B] (36)
[A,e”B] =ne"P [A, B (37)

Even if you did not manage to discover the derivative part of the identity, you will have had to
taylor expand e, figure out [A, B"], and then an obvious resumming of the series would have
given you these results.
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Commute B and "B, note that terms cancel:
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For (38), note that there is degeneracy in the ordering because [C,e"C] = 0 for any C, but that
any method of doing the ordering will give the same result.

One might be tempted to apply [g(n)]~! to both sides, but we have the problem that we don’t
know how to integrate [g(n)]_lg—g. You of course would guess that this yields log(g(n)), but we
have never shown that. Rather than proving that generically, let’s just use Taylor series expansion,
our standard technique for evaluating functions of operators, to relate the two sides.

For g(n) = > Lo where ¢ = I and ¢(™ are some functions of A and B,
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and after term-by-term comparison, we can see that
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Using this recurrence relation with ¢(® = I and ¢¥) = 0, we can find that
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You could have proven this also by guessing the result based on your expectation for how to integrate
[g(n)]*lfil—g, and then checking it via Taylor expansion.

Equating this with g(n) = e?4eBe=1(A+5)
1AGnB _ JABI% n(A+B) _ n(A+B) [AB)% (54)

where the last equality holds because [A, [4, B]] = [B, [4, B]] = 0. Now if we substitute n = 1 into
the result, we can prove the lemma.



Problem 4

2
(a) As H is separable into two independent H, = % + %mw%xQ and H, = 2’;’2 + %mwng,
1 1
Vingmy) = Vng () - Yn, () (56)

where F; and v; are the usual energy eigenvalue and eigenstate of a simple harmonic oscillator
with w = w;.

(b) We have seen from (a) that ¥, n,) = ¥n, (z) - ¥n, (y). And we know that

Hathn, (x) = (=1)" ¢n, (x) (57)
Oytn, (y) = (=1)" ¢n, (y) (58)

Combining these two facts, we can see that

= Hmwnz (:E) ’ Hyd)ny (y) (60)
= (=)™ ¥, (@) - (=1)" ¢n, (v) (61)
(¢) The wavefunctions of a simple harmonic oscillator with w are, for a = y/mw/h,
a2 1/4 2 2/2
Up () = (22"(71')27T> H, (ax)e (63)
Hy(az) = 1 (64)
Hy (ax) = 22ax (65)

When w; = wy = w, the wavefunctions ¢, ) of the first three states are
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2 2 —062(272+y2)/2 2 2 . _a2p2/2
¢(0,1) = ;ye = ;P sin (¢) e (68)

For this isotropic oscillator, £ = E, + Ey = (ng + ny + 1) hw. Thus for the same ng, +n, = n,
the energy eigenvalue is the same. As there are n + 1 ways to split n into two nonnegative
integers, the degeneracy is n + 1.
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Problem 5
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For [¢) = 5 ([va) ® [¥) +[v6) © [va)), [) = [#+) when v =1, and [¢)) = |¢p_) when v = 1.
Then, as Iy = Iy, = 0 and Xy = Xpg,
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