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Problem 1

Since we have two identical bosons, the state vector represents two particle state must be symmetric
under the exchange of two particles. So, we have

1
[¥o) = (19) @ ) + ) @ 19)) (1)
where N is the normalization factor. If |¢), and |¢) are properly normalized, we get
1
1= (Wolye) = 52+ 2|(y|o)[?) (2)
Therefore,
1
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Problem 2
The total energy of two identical particle is the sum of each particle’s energy. Therefore, we have
h2 2
Eoys = Enin, = W(”% +n3) (4)

where ni1,ns each denotes the state of corresponding particle. The only state that add up to
Egys = R%72/(mL?) is ny = ny = 1. The state vector for this is
[sys)s = [1) @ [1) (5)

Here, the subscript b stands for boson and f for fermion. Note that there is no fermionic state
because of the Pauli exclusion principle.To see this explicitly, let’s try to construct antisymmetric
state.

[sys)r = N(H) @ [1) = ) @ [1)) =0 (6)

Therefore, we can’t have antisymmetric state with (ni,n2) = (1,1). If the total energy is Esys =
5h2m?/(2mL?), there are two possible cases, (n1,n2) = (1,2) and (n1,n2) = (2,1). Thus,

N

|sys’)p = T@(ID ®[2) +12) @ 1)) (7)
/ _ ]‘ _

|sys) s = 75(|1> ®[2) -2y @) (8)

Note that there are no ’cross’ terms as in problem 1, because |1) and |2) are orthogonal.



Problem 3

(1) Let |x1,x2) be an eigenvector of Pjo with eigenvalue A. Then,
|21, x2) = Phle1, 22) = N?|z1, 22) )

Here, the first identity comes from the fact that by exchanging twice, we end up with the original
state. From the above equation, A\? = 1, which means P has eigenvalues +1.

(2) Let’s expand the given eigenstate by the complete set of position eigenstates.

|w1,w2> :/dml/dx2|x1,x2><x1,$2\w1,w2> (10)

Now, act Pjs on this expression to get

P12|W1,WQ> :/dml/dm2P12|x1,:U2><x1,:c2|w1,w2> = /da:l/darglazz,x1><a:1,x2|w1,wQ> (11)
- / dry / dr(j22)  [21)) (1] ® (2] (Jwr) © [ws)) (12)
- / e / 0 (Jr2) ® 1)) () wn) (13)

= (/ dm2|:z:2>(ac2\w2)> ® </ d$1331><331|w1>> (14)
:/da:l/dxgxg,x1><:v2,:v1!w2,w1> = |wa,w1) (15)

Here, when going to the fourth line we used the fact that braket is a number. Thus, when we act
P15 on the symmetric or antisymmetric states, we get

Pia|wiws, S) = |wiws, S) (16)
Pia|wiws, A) = —|wiwe, A) (17)

Here, A and S stands for antisymmetric and symmetric state respectively.

(3) To prove P12X1Pia = Xo, let’s act the operator on the basis |z1,22). To prove this, calcu-
late
(2, 24| Pro X1 Pro|z1, 22)

= (wy, 1| X1|z2, 21) = (25, 2] 22|22, 21)
= xd(ay — x2)0(x] — x1) = @o (2, Whlwy, x2) = (2], 2h| Xo|z1, 22) (18)

So, we have P;s X1 Pjo = Xs. Other identities can be proven in the same way. Note that it is easier
to use momentum basis for the momentum operator Py, P,. To prove P1oQ( X1, Pi; Xo, Po)Pio =
Q(Xa, Py; X1, Py), let’s expand Q by the power series.

X1, Pi; Xo, Po) = Y (anXT + bu X3 + e PP + d Py)

n

+ Z (terms with two operators)
+ Z (term with three operators)
t Y0 G X XGEPIPY (19)
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Here, we can use various commutation relations to make the form as above. Now the task is reduced
to proving the identity for arbitrary monomial. For example, let’s prove the identity for the four
operator terms.

Pio(X{M X532 P Py*)Pig = (P12 X1 Pi2)(P12X5? P12) (P12 Py Pi2) (P12 Py * P12)
= (P1oX1P1oP1oX1Po--- Prag)---
— (P1aX1 Pio)™ (Pi2X5P,2)" (P12P, P12)™ (Pi2Py P12)™
XX P pr (20)

Here, we inserted P122 = 1 between each operators. We can proceed for other types of operators in
a similar manner. Therefore,

P1oQ( Xy, Pi; Xo, Po)Pia = Q(P12X1 P2, PiaX1Pi2; Pia Py Pra, PaPio) = Q(Xo, Po; X, P1). (21)
So the identity is proved.

(4) For two identical particles, the Hamiltonian is symmetric under exchange of two particles, which
means that it is invariant under change of x1,p; and x2, ps. From the result of (3), PloH P12 = H.
Since U = e #t/h P ,UP, = U. Suppose |1} is an eigenstate of Pjo with eigenvalue A\. Then,
this implies

PoUY) = PiaUPiaProly) = UPo|y) = AU |Y) (22)

Thus, Uly) is also an eigenvector of Pjo with the same eigenvalue A. Therefore, the eigenstates
remains as an eigenstate with the same eigenvalue as time flows.



Problem 4

(a) Assuming ' = u, y' = v, we need to solve for x and y in the equations

<Z>:<—Czlsnee 222)(5) (23)
<§)=<§f§3 232n99>(5> (24)

Note that changing basis is just opposite to the rotation of the point.

Inverting, we have

Therefore,

Tz =u,y=v)= |2 =u,y =v) = |x =ucosf —vsinb,y = usind + v cos ) (25)

(c.f., Eqn. 9.107 of lecture notes) As an example, the state localized at |2/ = 1,3’ = 0), along the
+2/ axis, is the result of transforming the state |z = 1,y = 0), and is the same state as the state
|z = cos 6,y = sinb).

(b) Let’s calculate the matrix element of X’ in the unprimed basis, along the lines of what we did
in Eqns. 9.114-9.117 of the lecture notes:

(x =u1,y = 01| X'|z = ug,y = v9) (26)
=(z=u,y =0 |TXT |z = ug,y = vo)

= (r =wuycosf +vsinh,y = —uj sinh + vq cos 0| X |z = ug cos 6 + vy sin O, —ug sin 6 + vg cos )
= (ug cos O + vy sin0) (& = uy,y = v1|TT |z = ug,y = vy)

= (ug cos 0 + vasin6)d(u1 — uz)d(vy — v2) (27)

Note the step from the second line to the third: the rotation is by —6 instead of 8 because we have
Ttz = up,y = va), not T|z = ug,y = v3), and similarly for (x = uy,y = v1|T.
On the other hand,
(x =wu1,y =v1|(X cosf + Y sinb)|x = ug,y = v2) = (ug cos @ + vasin0)d(u1 — uz)d(vy — v2) (28)
Therefore, we have
X"= X cosf + Y sinf (29)

The transformation rules for other operators can be also similarly calculated:

Y' = Xsinf — Y cos® (30)
P, = P,cosf + Pysinf (31)
P, = P,sinf — P, cosf (32)

When calculating P, P;, it is easier to use momentum basis.



(c) In terms of the primed basis, the untransformed state’s position-basis representation (wave-
function) given by

(@' =u,y =v) = (2 =u,y =v[¢p) = (x = ucos§ —vsinb,y = usind + vsin H|1)) (33)

(c.f., Eqns 9.109-9.110) of the lecture notes) Here, we used |2/ = w,y = v) = Tlx = u,y =
v) = |z = ucosf —vsinf,y = usinf 4+ vcosd). By plugging in the result of PS 7 for (n;,n,) =
(0,0),(1,0),(0,1), we obtain

Vg1 0,0) (&', y") = B(0,0) (¢ cos O — g sinf, 2" sin 6 4 3 cos ) = Ne~0)?/2 (34)
Vg (1,0)(&' ') = 1,0y (2" cos O — 4 sin 0, 2" sin 6 + 4/ cos ) = Np' cos(¢’ + g)e— (/2 (35)
Vs 01) (&' y") = d(0,1) (2" cos @ — o' sin 0, 2" sin 6 4 y' cos §) = Np'sin(¢' + 0)670‘(#)2/2 (36)

where N is the normalization constant, we use the é subscript to indicate that this is a repre-
sentation in terms of the primed-coordinate position-basis elements, we used =z’ = p’ cos¢’ and
y' = p' sin¢’, and we use ®(n,m) to denote the (coordinate-system-independent) isotropic 2D SHO
basis functions found in PS7. The formulae tell us that we obtain the value of the untransformed
state |¢) in the primed coordinates by adding 6 to ¢’ and then applying our polar formulae. This
makes sense, as ¢’ = 0 corresponds to ¢ = 6. Remember, |¢)) is not changed by the transformation.

Now, let’s consider the active rotation of the state. For the primed-system position-basis represen-
tation of the transformed state, unitarity tells us

Up(a =uy =v) = (@' =uy =v[¢) = (g =uy=v|T'TI) = (e =u,y =v[t) (37

(c.f., Eqn 9.111 of lecture notes) The wavefunction of the primed state in primed coordinates is the
same as that of the unprimed state in unprimed coordinates, so

wfz’,(o,o) (HTI,y/) = Ne*a(p’)2/2 .
w;’,(l,o) (2',y") = Np cos ¢’e—a(p’)2/2 (39)
w(lz',(o,l)(ﬂﬁl, y') = Np'sin ¢’e—a(p’)2/z (10)

We obtain the unprimed-system position-basis representation of the transformed state as follows:

Yoz =u,y=v) =(z=uy =0 =(r=uy =0T (41)
T

= (1M =wy=1)) ) (42)

= (Jlucosf + vsin b, —usinﬁ—i—vcos@>)Jr V) (43)

= (ucosf + vsinf, —usin 6 4+ v cos H|y)) (44)

(c.f., Eqns 9112-9.113 of lecture notes) Note that we used —6 for the angle here because we have
THlz = u,y = v), not T|z = u,y = v) (see our calculation of the matrix elements of X’ in the
unprimed basis) . Therefore, the wavefunctions are

1/1:1,(070)(1’, Y) = b(0,0)( cosf +ysinf, —wsind + ycos ) = Ne—or*/? (45)
1/1;,(170)(:6, Y) = ¢1,0)(rcosd +ysinb, —zsin + ycos ) = Npcos(p — 9)670@2/2 (46)

1%]7(071)(33, Y) = ¢,1)(rcosd +ysinb, —zsinb + ycos ) = Npsin(¢p — 9)6_0‘(”2)/2 (47)



where now the , subscript indicates we are calculating the unprimed-coordinate position-basis rep-
resentation. These results make sense: the transformed state should be aligned with the z” and y’

axes, so its value at ¢ = 0 should be its value at an angle |#| CW from the z’ axis.

(d) For the anisotropic SHO, the Hamiltonian is given by

P2+ P2 1 1

where w, # wy. Under the transformation we obtained in (c), Hamiltonian transforms

(Pycos — P,sin0)? + (P, sinf + P, cos6)?

H =
2m
1 1
+ §mw§(X cosf — Y sin6)? + QmwS(X sin@ + Y cos 6)?
P;+P; 1 1 1
= mey + §mng2 + iminQ + im(wz — w2)(X sinf 4 Y cos 0)2.

Therefore, Hamiltonian is not invariant under rotation if w, # w,.

(50)

(e) We want to find the generator of the symmetry transformation. As usual, let’s use the relation
between transformed and untransformed states under an infinitesimal transformation to figure this

out (like Eqns 9.121-9.128 of the lecture notes). The infinitesimal rotation operator is

T(50) =1 — %MG

(51)

Let’s calculate the position-basis representation of a transformed state, in the unprimed coordinates:

(o =,y = WIT(E) ) = (o = u,y = vlh) — 00+ (o = u,y = 0] )

= yle =,y = b) = 80+ (@ = u.y = v[G )

Let’s also let the transformation operator act to the left on the basis element:
(z =u,y =v|T(30)[¢)
T
= (1760 = w,y =) v)
= (Jz = wcos 60 + vsin 60, —usin 660 + v cos 66))" |1)
= (x = ucos 060 + vsin 60, —u sin 60 + v cos §0|1))

= (x = ucos §0 + v sin 66, —u sin 60 + v cos 60)
~ Pg(x = u+véb,v — udh)
d d
:1[1q($:u,yzv)—l—véeawq(x:u,y—v) —u508—y¢q(m =u,y —v)
1
=Ygz =uy =) =60+ ((z = u,y = o] X Py[)) = (z = u,y = v]Y Puly))
1
=Ygz =wu,y=v) =00 {z=uy=v[(XP —Y F)i)

(52)

(53)



where, in the second step, the sign of 6 arises from the fact that we are acting with 77, not 7.
Equating the two expressions and noting that (z = u,y = v| and |¢)) are arbitrary lets us conclude

G=XP,~YP, (63)

You will recognize this as the quantum analogue of the z-axis angular momentum, I, = py — Y ps.
This operator’s expectation value and matrix elements will therefore be conserved with time.

With the above explicit form for G, we may see explicitly that the generator is conserved:

|H,XP,—-YP,)=X[H,P)|+ [H,X|P,—Y[H,P,| — [HY]P, (64)
= X[lmw2Y2 P,)] + [Pi X|P, —Y[lm 242, P,) — [i2 Y|P, (65)
-0 T gy Ty T R Bl T g T
1 1
= §mw2(X2ihY —Y2ihX) + %(—QihPxPy + 2ihPyP,) = 0. (66)
Problem 5
Let’s write the Lagrangian as
L .9
L= omd” = V(zx) (67)
Then, the Hamiltonian is
p?
H=pi—-L=—
pi o + V(x) (68)

where p = %. Using the Ehrenfest theorem, we get

L8y = L) = o H)) = o (p. V@)l) = iV (@) = ~(50) = (08} (69)

Thus, we have the Euler-Lagrange equation.



