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A white light vortex coronagraph was used to experimentally achieve sub-resolution detection. The
angular location of the centroid γ, and the angular extent of circular pinhole sources Θ, were measured
to within errors of δγ � �0.015λ∕D and δΘ � �0.026λ∕D. This technique has two advantages over
conventional imaging: simple power measurements are made and shorter exposure times may be
required to achieve a sufficient signal-to-noise ratio. © 2014 Optical Society of America
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1. Introduction

The spatial resolution of an imaging system with
a finite aperture is fundamentally limited by the
wave nature of light. However, optical predetection
processing techniques may be employed to circum-
vent conventional resolution criteria, including
magnitude and/or phase filtering [1,2]. Moreover,
nonimaging sensors, as described here, may be ad-
vantageous for obtaining specific source information
that is otherwise unresolved. We experimentally
demonstrate a vortex-phase filtering technique for
extracting the centroid and spatial extent of an
unresolved source distribution [3,4]. Spatially inte-
grated power measurements provide sub-resolution
structure information akin to radial moments of
the source (e.g., the radial variance). This approach
may be suitable for characterizing unresolved tar-
gets, such as near-earth objects or small satellites.

Applications of vortex phase elements span many
areas of imaging science, including optical spatial
filtering [5], phase contrast microscopy [6], and
high-contrast astronomical imaging [7,8]. The latter
makes use of an optical vortex coronagraph (OVC).
The OVC is a Fourier-filtering instrument wherein
a focal plane vortex phase element acts to spatially
separate light originating from a distant point source
that coincides with the optical axis from nearby off-
axis sources. Consequently, the OVC is adept at
small-angle high-contrast astronomical observations
of stars [9] and exoplanets [10].

The optical design demonstrated here is adopted
from a recently introduced broadband scalar OVC
[11–13]. This design incorporates a computer
generated vortex hologram and a complementary
dispersion-compensating diffraction grating (DG)
to form a vortex-phase filtering instrument that
may be used with white light [14,15]. We demon-
strate using the broadband scalar OVC to determine
the spatial extent of unresolved sources in the labo-
ratory. This technique leverages the remarkable
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sensitivity of the OVC to the angular position of point
sources near the optical axis of the system.

2. Broadband Vortex-Phase Filtering

The optical layout of an OVC is a 4f lens system (see
Fig. 1). Lens L1, located at the entrance aperture
(AP), focuses light onto a vortex phase element with
transmission tm � exp�imθ0�, where m is an integer
known as topological charge and θ0 is the azimuth
in the x0; y0 plane [see Fig. 1(b)]. For nonzero even val-
ues of m, all irradiance from a point source whose fo-
cal spot is centered on the phase singularity, diffracts
outside of the geometric image of AP. The amplitude
of the field at the exit pupil plane may be written in
polar coordinates as

jUm�r00; θ00�j �
�

R
r00
��Z1

n

�
R
r00

���; r00 > R

0; r00 < R
; (1)

wherem is an even nonzero integer,R is the radius of
AP, n � jmj − 1, and Z1

n�R∕r00� are the radial Zernike
polynomials [16]. For m � 2, the exterior field ampli-
tude is jU2�r00; θ00�j � �R∕r00�2 [see Fig. 1(c)]. On the
other hand, the focal spot due to an off-axis source
is displaced away from the phase singularity at
the origin in the x0; y0 plane. Consequently, the vortex
phase element has little effect on the image of AP
[see Fig. 1(d)]. By placing a second aperture at the
x00; y00 plane (known in coronagraphy as the Lyot
stop), light originating from the on-axis source is
obstructed, while light from off-axis sources is trans-
mitted. The radius of the Lyot stop (LS) must be less
than or equal to the radius of AP to reject all of the
light from an on-axis source. Here, RLS � R∕2 is
chosen to remedy optical aberration effects. Figure 2
shows the normalized power transmitted through
the LS from a distant point source Pm, displaced from
the optical axis by angle α. In the m � 2 case, the

source is attenuated to ∼50% of the maximum value
(∼0.25) when α � λ∕D, where λ is the wavelength and
D � 2R. Meanwhile, Pm falls off asymptotically as α
approaches zero. Systems with higher m values re-
ject more light from off-axis sources [7,8].

The application described here takes advantage of
the OVC’s steep response to source displacement
and, therefore, requires high-precision vortex ele-
ments, such as a spiral phase-plate produced via
electron beam lithography [9], sub-wavelength DGs
[7,17,18], liquid crystal elements [19,20], or photonic
crystal elements [21]. The spiral phase-plate oper-
ates at a single wavelength, which may not be prac-
tical for white light systems. The other approaches
have reported spectral bandwidths as large as
Δλ∕λ � 20%. Here, we employ a vortex hologram
(VH) and dispersion compensation. The light trans-
mitted through the elements of our system provided
a spectral bandwidth of 50%. The VH is a holographic
representation of the interference pattern between a
vortex and a plane wave [22,23]. An m � 2 VH (see
Fig. 3) provides the desired transmission function
t2 � exp�i2θ0� in the first diffracted order. Much like
conventional gratings, the beam emergence angle is
wavelength-dependent. Thus, a complementary DG
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Fig. 1. (a) Schematic of an OVC with lens L1 located at
entrance aperture AP, vortex-phase element with transmission
tm � exp�imθ0�, and field lens L2. The geometric exit pupil is
located at the x00; y00 plane, where the Lyot stop (LS) truncates
the field. The spatially integrated power transmitted through
the LS is recorded by a photo detector (PD). (b) Phase profile of
vortex phase mask with transmission exp�i2θ0�. (c) On-axis coher-
ent light (α � 0) is diffracted outside of the geometric exit pupil
(m � 2 case shown). (d) Tilted plane waves at the aperture form
an approximate image of the entrance pupil at the x00; y00 plane.
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Fig. 2. Normalized power transmitted through the LS
(RLS � R∕2) due to a distant point source displaced from the opti-
cal axis by angle α in units of the resolution angle λ∕D.

Fig. 3. (a) Theoretical interference pattern between a plane wave
and a charge m � 2 vortex. (b) Zoomed-in image of the 10 mm×
10 mm binary amplitude grating fabricated by laser lithography
with 250 line pairs per mm (4 μm pitch).
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may be used to compensate for chromatic dispersion
while maintaining the vortex phase [14,15]. The
broadband high-contrast performance of the holo-
graphic approach compares well with other high-
precision vortex-phase elements [11–13].

The operation of the holographic OVC (see Fig. 4)
is similar to that of the schematic in Fig. 1, but the
entrance pupil plane is reimaged twice. The VH
shown in Fig. 3(b) is placed at the first focal plane
of the OVC optical system [see Fig 4(b)]. The light
that emerges from the VH in the first diffracted or-
der contains the desired m � 2 vortex-phase pat-
tern. In addition, the light in the first order is
dispersed in the transverse plane by an angle that
depends on the wavelength. The field at the first
focal plane is reimaged onto a DG, whose line spac-
ing matches that of the VH. The second grating
compensates for the dispersion introduced by the
VH in the first diffracted order, without modifying
the vortex phase. The result is a broadband OVC,
wherein the field magnitude at the final pupil
plane is proportional to that of the simplified sys-
tem described in Fig. 1.

To demonstrate the optical system illustrated in
Fig. 4 in the laboratory, white light (400 nm
to 700 nm) from a fiber-coupled plasma source
(Energetiq EQ-99FC) is collimated by an off-axis
parabolic mirror (OAP), and is subsequently focused
onto a small pinhole by lens L0 (f ∕1.1, f 0 � 30 mm).
The pinholes used vary from 5 to 25 μm. Lens L1
(f ∕1.1 or f ∕3.9, f 1 � 30 mm or 100 mm) collimates
the transmitted light such that the pinhole simulates
an unresolved source. The OVC entrance pupil is
formed by aperture AP with diameter D � 0.5 mm.
AP is immediately followed by focusing lens L2
(f ∕11.8, f 2 � 300 mm). An evenly illuminated
entrance pupil forms an Airy disk that is centered
on the central dislocation of a VH with 4 μm
pitch. The VH fabricated for this demonstration
approximates the forked interference pattern with

a 10 mm × 10 mm binary amplitude grating, printed
by a laser lithographic technique at 0.6 μm resolution
on a 2 mm thick fused silica plate [see Fig 3(b)]. We
approach a point-phase singularity by choosing a
small aperture and long focal length f 2 (effectively,
f ∕600). This ensures the central feature is much
smaller than the focal spot size. The central lobe
of the Airy disk covers approximately 256 and 146
line pairs for the red and blue bands, respectively.
The first diffracted order, containing an m � 2 vor-
tex, passes through lens L3 (f∕5.9, f 2 � 300 mm)
to form a laterally dispersed pattern at the first pupil
plane, where the field is imaged onto a DG with 4 μm
pitch by lens L4 (f ∕5.9, f 2 � 300 mm). The recom-
bined beam passes through field lens L5 (f∕11.8,
f 2 � 300 mm) and forms the final pupil plane at
the CCD with a central detected wavelength of
550 nm. The image of the entrance aperture appears
if the pinhole is displaced from the optical axis [see
Fig. 4(c)]. However, if the center of the pinhole is
aligned with the optical axis, most of the light is
relocated outside of the geometric image of AP
[see Fig. 4(d)]. The transmission of the OVC optics
(from AP to the LS) is T � 0.56%. This could be
enhanced by use of a blazed or volume hologram
and grating.

We define the relative suppression of an extended
source as ηm � κm∕κ0, where

κm �
Z

2π

0

Z
R∕2

0
Im�r00; θ00�r00dr00dθ00; (2)

and Im�r00; θ00� is the irradiance at the CCD. We note
that the suppression is defined relative to the m � 0
case and was calculated from the signal present in
the central region of the CCD image with the back-
ground signal from scattering removed. The back-
ground is taken to be a constant, evaluated by
averaging the counts in a dark region, far from the
optical axis (e.g., in an annulus with inner and outer
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Fig. 4. Experimental implementation of a broadband holographic OVC. (a) White light is launched from a fiber, collimated by an off-axis
parabolic mirror (OAP), and focused by lens L0 (f 0 � 30 mm) onto a small pinhole (PH). Lens L1 (f 1 � 30 mm or 100 mm) forms the
Fourier-transform of PH at aperture AP (D � 0.5 mm) to simulate a distant point source. Quasi-plane waves enter the OVC at AP. (b) Light
that transmits through AP is focused by lens L2 onto vortex hologram VH [see Fig. 3(b)], which impresses anm � 2 vortex phase profile on
the first diffracted order. Lenses L3 and L4 reimage the focal spot at diffraction grating (DG). The line pair spacing of DG is equal to that
of the VH (4 μm). Hence, light that emerges in the first diffracted order fromDG is dispersion-compensated. Lens L5 forms the exit pupil at
the CCD. Lenses L2, L3, L4, and L5 have focal length f 2 � 300 mm. A variable LS may be placed in front of the CCD to block light that
originates on the optical axis at the PH plane. (c) and (d) Measured irradiance at the CCD without the LS in place (5 μm diameter pinhole
and f 1 � 30 mm). (c) If the pinhole is displaced from the optical axis, then an approximate image of the entrance pupil appears at the CCD.
(d) In the case where the pinhole source coincides with the optical axis, most of the light is relocated outside of the geometric exit pupil and
may be blocked by LS.
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diameters 15R and 17R, respectively). The interior
power κm is integrated over the inner half of the
geometric exit pupil radius to avoid contributions
from optical aberration (i.e., RLS � R∕2). The value
of κ0 is obtained by measuring the power with the
source substantially displaced from the optical axis.
We measure a maximum suppression of η2 � �1.9�
1.2� × 10−4 with an on-axis pinhole source whose
angular extent is �0.046� 0.009�λ∕D over a Δλ∕λ �
50% passband (300 nm band centered at 550 nm).
The nonzero value of η2 is partly attributed to the
extended size of the pinhole source.

3. Sub-Resolution Measurements

In cases where the structure of an unresolved source
distribution is difficult to discern by conventional
imaging, a nonimaging vortex-phase filtering
approach may be employed to extract spatial infor-
mation. An ideal OVC removes the zero spatial
frequency component of a field distribution with con-
stant irradiance across the aperture. In other words,
the OVC completely cancels a distant on-axis point
source. Meanwhile, point sources that are minutely
displaced from the optical axis are only partially sup-
pressed. Since small differences in source position
yield a large transmission response, the OVC is
sensitive to extended, yet unresolvable, source distri-
butions [24,25]. In the scheme employed here,
the centroid and angular extent of a spatially inco-
herent distribution are determined. We demonstrate
the m � 2 case; however, other nonzero even values
of m may be used, in principle, to make similar
measurements.

A. Locating the Centroid

The centroid of an unresolved source distribution is
accurately aligned with the optical axis by locating
the source position that corresponds to the minimum
value of ηm. Using the experimental arrangement
described in Fig. 4, we measured η2 in the laboratory
for pinhole sources with various effective angular
extents Θ as a function of the angular position of
the source centroid γ (see Fig. 5). For experimental
convenience, we chose to displace the VH transverse
to the optical axis rather than the pinhole [see
Fig. 4(b)]. Shifting the center of the VH with respect
to the focal spot is, theoretically, equivalent to dis-
placing the pinhole from the optical axis. The values
of η2 are calculated from the CCD images at the exit
pupil with the background signal from scattering

removed. The postprocessing of the CCD images is
the dominant contribution to the experimental un-
certainty. The angular extent of the source Θ was
set by varying both the diameter of the pinhole
DPH and the value of f 1. Figure 6 shows the results
for three representative sources. The results com-
pare well with the expected values (see e.g., [24])
and verify that the system has a steep power re-
sponse to small angular displacements below the dif-
fraction limit. The centroid of the pinhole sources
was located within �0.015λ∕D, which is limited by
the alignment accuracy in the laboratory. In the case
where the centroid is aligned with the optical axis
(i.e., γ � 0), a nonzero signal is indicative of the an-
gular extent of the source, as described below [3].

B. Determining Spatial Extent

If the centroid of the source is aligned with the opti-
cal axis, then the effective angular extent of the
source distribution may be deduced from the value
of ηm. In the laboratory, we measure η2 for ten values
of Θ (five pinhole diameters: DPH � 5, 10, 15, 20,
25 μm, and two lens L1 focal lengths: f 1 � 30 mm,
100 mm). The experimental results, shown in Fig. 7,
follow the expected trend obtained numerically,
which, in practice, may serve as a “look up table”
for the estimated source size. The measured values
for Θ have a root mean square deviation of
0.026λ∕D. Discrepancies are due to misalignment
and aberrations in the optical system.

In the limiting case where Θ approaches zero with
respect to the angular resolution of the system, the
values of ηm have a more familiar meaning. Assum-
ing a localized spatially incoherent source,

κm �
Z

2π

0

Z
αmax

0
I�α;ϕ�Pm�α� sin�α�dαdϕ; (3)
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Fig. 5. Diagram of pinhole source PH [see Fig. 4(a)] whose cent-
roid is (a) misaligned and (b) aligned with the optical axis. The
angles γ andΘ refer to the angular displacement of the source cent-
roid and angular extent of the pinhole source, respectively. Lens L1
forms the Fourier-transform of the source at AP.
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Fig. 6. Relative power in the LS region of the CCD image due to
three representative circular sources with angular extent Θ and
angular displacement γ. The theoretical results (solid lines) and
uncertainty in the effective source size (dotted lines) are included
for comparison. The experimental error bars result from postpro-
cessing. The power is normalized to the m � 0 case and a
central wavelength of λ � 550 nm is assumed.
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where ϕ is the azimuthal angle about the z axis and
I�α;ϕ� is the source intensity distribution. The power
response due to extremely small displacements from
the optical axis (i.e., α ≪ λ∕D) is Pm ∝ αjmj [26]. Thus,
the expression in Eq. (3) simplifies to the radial
moments of the source distribution

κm �
Z

2π

0

Z
αmax

0
I�α;ϕ�αjmj sin�α�dαdϕ: (4)

Future research may examine the potential to
extract spatial information about higher-order mo-
ments by use of larger even values ofm [4]. Predicted
differences between coherent and incoherent sources
[4] may also be explored. The effects of systematic
limitations such as vortex mask fabrication errors,
lens and wavefront aberrations, as well as non
paraxial effects should also be addressed. Further
work may be directed toward achieving state-of-
the-art centroid determination [27,28].

C. Noise Considerations

A potential advantage of the vortex filtering ap-
proach to sub-resolution detection is that shorter
exposure times may be required relative to conven-
tional imaging systems. As an example, we compare
the ability of each system to differentiate between
two point sources of equal brightness. In other words,
we wish to determine whether a source is made up
of either one or two point sources. Assuming the OVC
system is shot noise-limited, the signal-to-noise ratio
is proportional to the square root of the average sig-
nal measured for a specific exposure time Δtm. With
the optical axis of the OVC centered on the combined
centroid of the point sources, the exposure time re-
quired to achieve a given signal-to-noise ratio SNRm,
scales as Δtm ∝ �SNRm�2∕ηmκ0. The signal-to-noise

for a detection rate of 0.99, and false alarm rate of
10−6, is approximately SNRm � 7.08, where the
shot noise distribution is taken to approach a
Gaussian for a large number of photon counts. The
exposure time required for detection using an OVC
relative to an equivalent conventional diffraction-
limited imaging system is given by

Δtm
Δtc

� 1

r2TN2ηm

�
SNRm

SNRc

�
2
; (5)

where Δtc and SNRc are, respectively, the exposure
time and signal-to-noise ratio per sample required
for detection using an equivalent conventional imag-
ing system, T is the transmission of the OVC optics, r
is the relative LS size (i.e., r � RLS∕R), and N2 is the
total number of samples of the measured signal. By
statistical analysis, the SNRc required to differenti-
ate two point sources separated by angle β, with a
detection rate of 0.99 and false alarm rate of 10−6

is approximately

SNRc�β�≃
1

N2

�
6.12
β4

−
16.38
β2

� 16.7
�
; (6)

where β is in units of λ∕D and a Gaussian noise
distribution is assumed [29]. Thus, the relative expo-
sure time required may be approximated by

Δtm
Δtc

≃
0.18N2β8

ηmr2T�β4 − 0.98β2 � 0.37�2 : (7)

Figure 8 shows the relative exposure time required
for detecting the source separation using an m � 2
OVC system. The vortex filtering approach requires
substantially lower exposure times for small values
of β. We calculate that an ideal OVC (T � 100%,
r � 1.0) offers improvement for β ≲ 0.49λ∕D. For
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Fig. 7. Relative power in the LS region of the CCD for ten differ-
ent effective angular extents Θ with the source centroid located on
the optical axis (i.e., γ � 0). The theoretical result (solid line) is
shown for comparison. The expected response owing to a �10%
change in LS radius (dotted lines) is also included for reference.
The experimental error bars result from postprocessing. The
power is normalized to the m � 0 case and a central wavelength
of λ � 550 nm is assumed.
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Fig. 8. Relative exposure time Δt2∕Δtc required to detect the
presence of two point sources separated by angle β, with a detec-
tion rate of 0.99 and false alarm rate of 10−6. The OVC system is
compared with a conventional diffraction-limited imaging system
with N � 20 samples of the measured signal, as described in [29].
The results are plotted for an OVCwith optical transmissionT and
LS ratio r � RLS∕R.

10 July 2014 / Vol. 53, No. 20 / APPLIED OPTICS 4507



the system demonstrated above (T � 0.56%, r � 0.5),
the expected improvement is limited to β ≲ 0.17λ∕D.
For cases where β ≪ λ∕D, the OVC is expected to re-
quire significantly shorter exposure times compared
with equivalent conventional imaging systems. In
practice, further improvements are possible, since
a single pixel PD may mitigate other noise contribu-
tions of CCD or CMOS sensors, such as read noise
and dark current.

4. Conclusion

A vortex-phase filtering technique for sub-resolution
information extraction has been demonstrated. This
approach allows for precision pinpointing of the cent-
roid of an unresolved source and yields quantitative
measurements of the angular extent with white light
(Δλ∕λ � 50%). Spatial information is deduced from
simple pupil plane power measurements at the exit
pupil of a vortex coronagraph. Here, we show the
angular extent Θ of an unresolved circular source
may be measured for Θ � 0.05λ∕D − 0.8λ∕D. In prin-
ciple, prior knowledge of the source structure is not
required. What is more, sub-resolution detection
may be performed with considerably lower exposure
times than conventional imaging.
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