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1. The Four Fundamental Forces in Physics

There are four fundamental types of forces in physics. Two tagn large scales, gravity and
electro-magnetic forces. Gravity is not relevant to nucleaeactions and we ignore it here.
The other two act on the scale of the size of atomic nuclei, afdaive F / (1=r?)exp( r=ry),
wherery  roe: The characteristic value of the constantS, where F S=r? in the
appropriate distance range is approximately 1/137 for elgo-magnetic reactions, 10%* for

weak nuclear interactions, and 10 for strong nuclear intections.

Typical reaction products for the 3 relevant interactions:e-m forces typically produce
photons, reaction is fastD(p; )®He. Weak interactions have very small cross sections and
occur very slowly, they typically produce , for exampleH (p;e" )D. Strong interactions

occur rapidly and producep; ; n; :::, an example beingHe(*He; 2p)*He.

The change in luminosity (energy ux) is

g = (O+ @a) ()= o

( ) is negative as neutrinos escape from normal stars withoutteraction with matter,
i.e. without thermalizing; this is not true of very dense compact stars. (Neutrinos will be
discussed later, we ignore this term for the moment.) Our gban this section is to evaluate

the terms on the right side of the above equation.

In order to have a static star, the above equation must hold all times. Otherwise,

@. _@Q @E @)

eM ™ @t @t @t

]

Note that (grav) = 0 for an adiabatic process, by de nition.
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2. Reaction Mechanics

A+ B! C+ D is actually a two stage processA+ B! Z ! C+ D, whereZ is a

compound nucleus, and the denotes an excited state.

Once Z is formed, many exit channels are possible, including the tesnce channel,
A + B. As long as they obey all conservation laws (charge, massérgy, momentum,
angular momentum), they can occur, although the probabilit for the possible output

channels varies enormously from channel to channel.

Analogy with cooking - Oven too hot - food burned, too cold - fod raw, old yeast -

at,...for a given mixture of ingredients there are many posible outcomes.

Each valid exit channel has a mean time for decay;, hence a mean energy width;,
such that ; ; = h, as required by the Heisenberg uncertainty principle. Therpbability for

a particular output channeli is:

Pi: P—1=i
1=

and ; =2 2P, where ; is the reduced width (the probability that Z is composed of the
charged constitutents of the ith exit channel in a common nulear potential; the value for

this comes out of nuclear physics)P, is the Coulomb penetration factor, which depends on

the angular momentum quantum numbei.

Nuclear reactions can alter the chemical composition, theaan weight per particle, and the

thermal properties of a gas.
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3. Nuclear Reaction Rates

Rate of nuclear reactionA(B;C)D A+ B! C+ D is a function of the relative velocity

of A and B, VaAB

NaNg aB (Vas )Vas

Rag (Vag )(reactionsscm®=sec) =
1+ e

where ag is 1 if A+ B and 0 otherwise; this factor is needed so that identical parare not
counted twice. v is the relative velocity of A with respect toB, ag is the cross section,

which is a function ofvag .

We must view the reaction in the center of mass frame, and thdnetic energyE is the
energy ofA + B measured in that frame, the relative velocitywsg is measured in that frame
as well, but is the same as in the frame in which one of the 2 nacls at rest, and is Z=m,

wherem is the reduced massm = (mamg)=(ma + mg) (in gm).

The energy generation rate (ergs/sec/ch), is Qas Ras (Vag ), Where Qag is the average
energy released/(reactionA + B), Qas m=c?, where m is the mass de cit of the

reaction (excluding neutrinos).
The energy generation rate (erg/sec/gm) is then Qag Rag (Vag )= .

na = (Xa=(Aamy) , where X, is the fractional abundance by mass of the atom (actually

a speci c isotope of an atom)A (70% for H) and A, is the atomic weight of atomA. So

— X aXgVag aB Qas
" mZ ApAs(1+ as)

Now we must average over all relative velocitieg\g to get<vag as >.
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3.1. The Coulomb Barrier

The mean thermal energy per particle = (32)kT = 2:1 10 T ergs = 1.5 keV for
T = 107 K. The rest energymc? for 1 proton is 938 MeV, and typicalQ for a nuclear
reaction 1 10 MeV, sokT << Q, and henceQg is approximately independent ofvag .

We will assumeQag is constant.

The distribution of the speed of a patrticle is given by the Mawellian velocity distribution,

illustrated in the gure. Here g is the reduced mass =mamg=(ma + mg).

P(vag)dvag = 4 [%1&2 e (Mas Vig (F(2KT) V2, OVag | V3 e (e Vs (<(2KT).

Neutrons have no charge, and there is thus no Coulomb barritar them. There are no free
n in stellar interiors. A free n, if created, reacts rapidly with and becomes part of a nucleu

of an atom and is no longer free.
Thus A and B are both positively charged nuclei, and they repel each othe

Nuclear radius a few fermis (1 fermi = 10 ** cm). But the work to move 2 like charged
particles together isqup=r = ZpZg€’=r, whereZ, is the charge of atomA (1 if singly

ionized, 2 if doubly ionized, etc).

To get rmn for a thermal classical particle, we setrnn = ZaZg€=kT =
1:447 ,Z5=(0:8 10 3T;) fermis = 2000 Z,Zg=T; fermis, whereT; = T=10" K, a

common notation we will use often. ThuS s >>71 e for T 107 K.

FOr rmn nue We needT  10Y° K, only during the Big Bang can this be achieved. Inside
stars, rmin >>r . INn order to get nuclear reactions to occur, we need a miraglee.

guantum mechanical tunneling.
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Fig. 1.|] The distribution in speed (amplitude of the vector v elocity) for H atoms with

T =10;000 K. The most probable speed is 12 km/sec. Source: website of Chris Mihos
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Fig. 2.| A sketch of the potential energy as a function of radius around a (positively)

charged atomic nucleus. Source: website of Chris Mihos
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3.2.  Quantum Mechanical Tunneling

Nuclear reaction cross sections depend on tunneling thrdughe Coulomb barrier. P
(probability of reaction) rises asvag rises, but there are many fewer particles once

q__
Vag >>  3kT=2mpag ), the mean thermal velocity.

The incoming particle needs to get to the radius within whiclthe nuclear forces take
over and the reaction can occur versus the much largey,, , limited by the particle speeds
and the Coulomb barrier. This, as discussed above, requir€M tunneling. The relevant

QM cross section is:

(E) = expl 2Z aZg€=(hvas)] / expl( Ec=E)'™?

S(E)
E

whereEg is the Gamow energy.

The term S(E)=E occurs because r 2f (E), and f (E) constant with E. From the
Heisenberg uncertainty principle, / 1=pfrom QM, where p is the linear momentum, so

r2/ 1=E.

S(E) is a slowly varying function ofE = mag V3 =2, unless there is a resonance. This is

illustrated in the Fig.4-5 of Clayton.

Laboratory measurements o5(E) are in general available over a range i much higher
than those prevalent in stellar interiors, where the valuesf S(E) are too small for accurate
lab measurements. Existing lab measurements thus often tece extrapolation over many
orders of magnitude to the smallele values relevant to the stellar interior, which leads to

concerns about the accuracy of such extrapolations.

A more detailed examination of nuclear potentials shows the can be several energy levels

in the compound nucleus.
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of energy forp+ p, the rst reaction in the p p chain. Their product is the probability of

the reaction. Source: website of Chris Mihos
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Fig. 45 The cross-section factor S(E) for the radiative capture of protons t.»y cn, _Th_or
differing types of data points represent five different experiments performe.d at different tun-eq a4
and laboratories by the workers indicated. Detailed references and discussion may be found in -,

D. F. Hebbard and J. L. Vogl, Nucl. Phys., 31:652 (1960). This curve is mose readily extrapo-;
lated than the one in Fig. 4-4. ‘ @

Fig. 4.| The cross section S for the reaction3C + p as a function of energy of the incoming
proton. The lab measurements are indicated. A large extratadion to lower E is required

to reach the energy regime of interest for normal stars. Sa&: Fig.4-5 of Clayton
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3.3.  Quantum Mechanical Tunneling Probability

The Hamiltonian equation

h? _ d?
2Map W

( = H =(V E);

whereV (r) = ZxZg€’=r and (r) is the wavefunction.

We try to determine an approximation for the wavefunction. @ ne ry, as the closest
distance possible for an incoming nucleus based on classjgiaysics. ImagineV E
constant. If E >V , the patrticle is classically allowed to be at that, and in this region
has an oscillatory behavior. In the classically forbiddenegion, varies exponentially with

r.Atr=rmn, V= Ebydenition,soi =0 Atr=rm=2, V=2E andH = E .

dr2

Assume that forr < r jp; (r) falls o exponentially, (r) / expl(rmn 1)=l],
where | is a characteristic length. Then evaluatingH at ry,, =2 we get

H (rmin :2)h2:(2mAB |2) E (rmin :2)-

This determines the characteristic length to be h:(p 2mag E) = h=(mpg Vag) 1:3

10 1P T, cm.

At the nucleus, wherer  ryi, =100, we nd / exp( rmin=l)/ exp( 17) for T =107 K,

and Za = Zg = 1. The probability we need/ 2,

ZZAZBe2 Mag VaB 4ZAZ|392

2 —— =
I exp( 2rmin=I)/ exp JET H ] exp Ve

]

Our rough derivation of the Gamow factor (the above negativexponential) is only slightly

o from the correct value, exp[ 2Z pZg€e*=(hvag)].
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3.4. Averaging Over Velocity

We now need to average over velocity to ndk v > . We assume a Maxwellian (thermal)

distribution for p(v). We are going to omit the AB subscripts from ; v and m for clarity.

21 m ]3:221 5 S(E) mv2 27 AZp€

_ 2 — -
<v> = . vp(v)4v-edv = 4 [2kT v £ exp KT exp v ]dv

We assumeS(E) = Sy, a constant, so the above becomes

S Z]_

%soz(kT)3=2 . exp[ E=(kT) b:pE] dE

wherebis a collection of constantsp= (2 Z aZg€*=h)(m=2)"?. The term to be integrated
represents the competition between the the Maxwellian vetdy distribution, / exp( E=kt),
and Coulomb barrier QM tunneling probability, / exp( b:p E), as a product of two

exponentials (see the previous gure).

The product of the two exponentials is shown in the gure. It § a function that cannot be
more simply expressed nor integrated. To proceed furtherewapproximate it by a Gaussian
centered atE,, with a width and an amplitude C; g(E) = C exp(E Eo)?=( =2).

Doing the integral will be easy once the Gaussian is de nedp sve next need to solve for

these three characteristic parametergy,; and C.

We de ne Eq as the energy at which the producexp[ E=(kT) b=p E] has its maximum.

We solve for the energyEq at which the derivative of the product is 0, and nd

Eo = (bkT=2)>=:

We solve forC by requiring that the maximum value of the Gaussian ) is that of the
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q_—
product at Eg, g(Eo) = C = exp Eo=(kT) b= (Ej)]. This yields

3Eo

C = ; = —
© kT

We nd from matching at Eg the second derivative ofg(E) with that of the actual

function expg[ E=kT b=ID E]; the rst derivitive of g(E) is 0 at Eq by de nition, since Eq

is at the maximum ofg(E). We end up with

q
=4 EckT=3

Now we can do the integral, i.e.

1 - 2
exp E=(kT) b:p E] dE g(E) dE = e > e dx = e —
0

So the mean forv , after some simpli cation of terms, is then:

where =3Eo=(kT)=42:5(Z2ZZA)¥° T, =

A is the reduced massn in atomic mass units. Evaluating the constants, and assungnS,

in keV-barns (1 barn = 10 2* cn?), we get:

<v> =72 10 (ZaZsA) 'Sy %e cmPsecl; Eo = 1:2 (ZRZEA)P TS keV
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Because of the exponentiaéxp( ), reactions involving charged particles withZ, > 1 or
Zg > 1 become much less probable. Reactions involving incomingpfons are much more

likely.

Electron screening { a small correction factor for screergnof positively charged nuclear
particles by electrons (free electrons, if the atoms are fylionized), so the e ective Coulomb
barrier becomes smaller, at least over a certain range of We ignore this factor, which

produces a correctiors v> |/ Sy 2exp( + ), where is small.

3.5. Power Law Form for Reaction Rates

We often want to express energy generation rates as powersTofP; . This makes it easier
to derive approximations. The reaction rate/ 2exp( ). It is this last term which we
need to re-express. The power law variable is clearly. Consider an expansion around an

initial value of Tp, with [T=Ty 1] being small.

e (M

S e ML) ™ 1) [

Thus if we want a reaction rate in the form of / 2exp( )inthe form / T, then

= (T)=3 23 (To)=3, since (Ty) >> 1 almost always.
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3.6. Resonant Nuclear Reactions

The above formulation is correct ignoring possible resonees in the compound nucleus.
If E is such that the compound nucleus is produced in a quasi boustate, then the

interaction timescale becomes much longer, and the reactioate increases dramatically.
This is a local e ect, occuring only near specic values dE. In order to predict this, we

need to nd the energy levels of the compound nucleus.

Fig.4-4 of Clayton shows the cross section of a resonant réagn, with an obvious peak
near the marked resonant energy. These cross sections aredbato calculate. They have

the general form near the resonance &(E) 2=[(E  E,)%2+( =2)3.

4. Burning H to He

At low temperatures, only thep p chain operates to burn H to He. At higherT, the CNO
cycle begins to operate, and it dominates at high, assuming some C exists to begin the

CNO cycle.

41. The p p Chain

This is the only way to make He at lowT, T 1:4 10’ K.
p+p! D+e + (output: deuteron, positron and neutrino) Q = 0:42 MeV
ef+e | 2 (output of annihilation is photons) Q = 1:02 MeV

The net e ect of these two reactions is that a proton becomes meutron while close to

another proton.

The 0.26 MeV energy from is lost, soQes = 1:18 MeV for these two reactions.
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The cross section for the rst reaction is tiny as it occurs @ the weak interaction.

So =4 10 22 keV barn, which is too small to measure in the lab.

The lifetime of a proton near the center of the Sun to the reawin p+ p is
2=(ny < v> ) 25(1:2 10°) (3:4 10 9] 49 10Ysec 15 10¥yr. Itisa
good thing the Sun has LOTS of protons.

D+p! 3He+ Q=5.49 MeV, fast,to = 6 sec, allD in a star (primordial, from the
Big Bang) is destroyed rapidly at moderatel . This reaction is fast as it proceeds via the
strong nuclear interaction, not the weak one. We just need ¢htwo participants (p+ n) + p

to become associated into a single nucleus.

Since this is a fast reaction, the raticnp =n, must reach equilibrium in a star such that

@t

At T=2 10K, we nd np=n, 10 '8 while the Big Bang production ratio is
np=n, 2 10 > (the usually quoted ratio is a ratio by mass, this is by numbgr So D is

rapidly destroyed andnp=n, drops to about 10 8 in the interior of the Sun.

The nal reaction is 3He + 3He! “He + 2 p, whereQ = 12:86 MeV and the timescale

is 1& yr.

Thus the total energy liberated per*He produced (which requires thep+ p reaction to
occur twice) is 26.2 MeV, excluding the 0.26 MeV carried awdyy each of the 2 neutrinos

produced.
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There are many variations on this chain which occur with varyng probabilities. The next
most likely which can occur once somtHe exists, and with 23 10’>T > 1:4 10 K is:
SHe+%He! 'Be+ with Q = 1:59 MeV

‘Be+e ! TLi+ .  with Q=0:86 MeV, but 0.80 of that is carried away by the

neutrino. This reaction rate is independent off, as it involves oppositely charged patrticles.
Li+p! 2%He with Q =17:35 MeV.

The total energy per*He produced, excluding losses, is 25.67 MeV.

At T > 2.3 10 K, another varient occurs:
‘Be+p! 8B+ Q =0:13 MeV

8Bl c"+ .+ ®Be 8B unstable, decaysQ = 17:98 MeV, Qs = 10:78 MeV

excluding the neutrino energy
8Be | 2%He Q =0:09 MeV.

The total energy generated by converting 4 protons intéHe is the same no matter which
chain is followed. But the neutrino losses are somewhat drent, so the e ective energy

generation per reaction (in MeV) is slightly di erent. Also the reaction rates di er, and the
slowest reaction in each chain may have quite di erenty, so the energy generated/sec/gm
(i.e. the values of for each of thep p chains) will be di erent. For example, in the main
p p chain, the rst and slowest reaction must occur twice to prodce two deuterons, while

in some of the side chains, only one deuteron is required.

The p p chain energy generation rate is
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o 1P X 2Ts* exp( 3381Ts ™°) erg=secgm

4.2. Numerical Examples

We have shown above that the cross section is determined byetlQM tunneling, and is a
function of v (or equivalently of energyE), both evaluated in the center of mass frame of
the reacting particlesA and B. Thus it must be averaged over the Maxwellian velocity

distribution.

m ]3=221 S(E) mv2 27 AZp€

— o A=/ o = A&=B*¥ 2
<v> =4 [2kT % £ exp KT exp hv ] vedv

Let us write  / exp( b:p E), where

p?Z AZBeZp Map

h

b = = 0:99Z,25" Mg (MeV)X2:

The minimum r achieved for a classical particle is set laZg€=rmn = kT. Evaluating
the constants, we nd rmin 200 A Zg =T, fermis, where 1 fermi = 10'° cm, so

I min 1000 fermis. On the other hand, the radius of an atomic nucleus about 1 fermi.

The standard case we discuss here is for p (Zao = Zg = 1) and with T 2 10 K.
Adopting these values we nd:
I min =Tnuc 1000

Recall that our approximation for the wave function is (r) / exp[ (rmn r)=l], valid

forr <r mn, andl = h:(IO 2mpg E). We assume a particle needs to reach to within a
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few r,,c in order for the nuclear forces to take over and a nuclear reg@mn to occur. When

r<<r min, [/ expl rmn=l].

| = 1:3 10 1P T, cm, so for our standard casé 10 1 cm.

The probability that the particle can reach this through QM tunneling is
/2 | exp( 20), which is 2 10 °. Even QM tunneling is not very probable

for such small radial separations as a few,.

. P_— .
Note that when T increasesexp]| b= E] also increases as the power becomes smaller and

it is a negative exponential, so it cannot exceeef, which is 1.

It was shown that when we use a Gaussian approximation to theategral of
exp( b:p E)exp( E=kT), we obtain< v > [/ 2e , where = 3Eo=KkT),
and Eq = (bkT=2)%=,

So / T ¥ and<v> [ T ZBexp( aT ¥3).
T ' decreases whefl increases, whileexp( at %) increases towards® (i.e. 1) asT
increases. We expect v > to increase asl increases, as highef means higher mean

velocity, a bigger QM tunneling probability, and thus a higler reaction rate. Thus the

exponential must dominate.
We now demonstrate that this is the case.

Eo = 1:2(Z2Z2A)STZ®  keV. For our standard case, withT =20 1P K, E, 7 keV.
= 3Eq=(kT) 7. We evaluate 2 e to nd a value of 0.04 for our standard reaction

and T.

For T which is 2 times larger than our standard valueT =40 1 K, Eg 5:8 keV.

Again evaluating 2 e we get 0.10, which is 2.5 times larger than at our standard.
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Because is signi cantly greater than 1, and we have a termexp( ), the exponential term

overpowers the 2, and< v > increases withT, as we expected.



{20

gy s ‘
cb;mfﬂ’“’ Rowe

W

Fig. 5.| A sketch of energy levels (quasi-bound states) in te compound nucleus formed

during a nuclear reaction.
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Fig. 44 The measured cross section for the reaction C'*(p,y)N' as a function of
laboratory proton energy. A four-parameter theoretical curve has be?n l:'}tted
to the experimental points. An extrapolation to E, = 0.025 Mev, which is an
interesting energy for this reaction in astrophysics, appears treacherous.
(Courtesy of W. A. Fowler and J. L. Vogl.)

Fig. 6.| A sketch of the cross section for the reaction'?C(p; )**N as a function of energy of
the incoming proton. Note the resonance. The energy of intest for normal stellar interiors
is about 0.03 MeV, so a big extrapolation of the lab measuremts to lower E is required.

Source: Fig. 4-4 of Clayton
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H+H——— D+ e* + v+ 1.19 MeV

NIy

D + H———— *He + y + 549 MeV

69% 31%
"He + 3He ——— ‘He + 2H + 12.85 MeV 3He + ‘He P "Be + y + 1.58 MeV
(Q = 26.2 MeV)

99.7% 0.3%

Be + e-———— 'Li + y + v + 0.05 MeV ’Be+HT;’—"B+7+0.l4MeV

'B——— ®Be* + e* + v + 7.7 MeV

TLi + Hm ‘He + *He + 17.34 MeV XM
(Q = 25.7 MeV) SBe* -_ ‘He + 'He + 3.0 MeV
(Q = 19.1 MeV)

Figure 1. Three competing reaction chains with the net result, 4H — ‘He + Q, where the locally contained heat, Q,
varies from 19.1 to 26.2 MeV because of different neutrino-energy losses. The individual excergic-reaction energies
shown include positron annihilation but do not include neutrino energy. The partial life expectancy for the first par-
ticle written in each reaction is given under the arrow, for a typical solar-core ambient density and temperature, 150 g
em and 15 x 10° K, respectively, and equal 'H and *He mass fractions. The branch through 'Be + 'H, although quite
rar=_ is nevertheless the dominant source of detectable neut]rimu in the ¥Cl experiment because of the high '“‘"}

re ded in the decay of *B. DI

Fig. 7.| The main p p chain and various alternative side chains are shown.
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4.3. Nuclear Reaction Networks

Imagine we begin with a gas containing only atoms/particlesf typesA and B. Let Rpg be

the number of reactions/sec of the type desiredd + B! C + D. An expression forRg

was given earlier in these notes. We can de ne a mean life tino¢ nucleusA with respect

to the desired reaction:

jA+B = Na=aB = Ras

@t
1+ a8
A;B NB < V>

Lets apply this to the mainp p chain. Since the reaction rates are given per gm, we have

% = [ 3R(pp +2R(*He *He) R(°*He “He)]:

But n; = (X; )=(m;my), where m; the the mass of isotope in units of my. Then

these equations become:

@g?) = mu[ 3R(pp +2R(*He °He) R(°*He *He)]:

% =3my[R(pp 2R(PHe *He) R(*He “He)]

% = 4my [R(*He *He) + R(He *He)]

where the last term in each case comes from a side chain.



{24

When nuclear equilibrium is reached, the amount of an interadiate product, such asHe,
produced per unit time is the same as that destroyed in a sulzgeent reaction, i.e.

@X°He) _,

o R(pp) 2R(*He3*He) R(®*He*He)=0

In order for this to hold, we need certain relations among thabundances of the various
isotopes to hold, i.e. X (*H)? AX (®He)> BX ((He)X (*He) =0. A and B are constants
related to the ratios of the various reaction rates for a giveT. Speci ¢ ratios of *SHe=*He

(which are functions ofT), for example, are required for nuclear equilibrium to preal.

As time goes on, we have converted and B into C and D. We have a set of interlocked
time dependent equations, each expressing the time evotutiof a particular atomic nucleus
(an isotope of an atom). We must consider all the source ternand sink terms for a
particular isotope in such an equation, i.e. all the possiblreactions involving producing
or destroying A. The set of such equations is called a nuclear reaction netko The
solution is some initial ramp up. Then, after a time much longr than any of the individual
reaction times, a steady ow through the network develops whbh is independent of time
and persists as long as the initial nuclei required are notdb) depleted. This results in
equal production and destruction rates for the intermedia products, with a conversion
of the lightest particles at the beginning of the network inb the heaviest ones at the end
of the network. In a modern code, there may be hundreds of indlilual nuclear reactions

considered to follow the change in abundances of the varioisstopes with time.

4.4. The CNO Cycle

This cycle operates at highefT than that at which the p p chain turns on. The metals
are used at catylists { they are not consumed. However, som&C is required for the CNO

cycle to start. If the star truly has no metals, the CNO cycle annot operate. The reactions
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in the main chain are listed, as are the energy released peacéon and the timescale of
each reaction.

2C+p! BN+ Q =7:54 MeV,t;=1:3 10 yr

BN BCc+e + Q=0:22MeV ty =7 min, . carrieso 0.72 MeV.

BC+p! N+ Q =754 MeV,ty=2:7 1P yr

UN +p! O+ Q =7:29MeV,tp=3:2 1CF yr

o1 BNet + Q =2:94 MeV, t, = 82 sec, . carries o 0.98 MeV

BN +p! 2C+ *He Q=4:196MeV,tp=1:1 1 yr

In this chain of reactions,'?C is used as a catylist to drive the cycle. No change in the
12C abundance results, but the'3C abundance, and that of all isotopes of N and O, may be

altered.
The total energy produced is 25.02 MeVfHe produced, 1.70 MeV is lost via neutrinos.

The slowest reaction is the fourth*N (p; )*®O. This reaction drives the equilibrium,
with 12C converted into **N at any instant, and this reaction determines the nuclear emgy

generation rate.

cNO 107 X yXcn Tg 2 expl 1523 T, 7] erg=gme=sec
For T 18 10'K, cno = pp for Xen having the Solar value. At higherT, the
energy generation rate from the CNO cycle exceeds that frorheép p chain.

In the Sun, the CNO cycle contributes 3% of the energy geneeat. At M = 1:9M

the CNO cycle and thep p chain contribute equally to the energy generation.
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There are many alternate chains which operate with lower pbability within the CNO

cycle. Some of them are sketched below.
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150 - BN+et+v
5N +'H — 2C+*He

l....-dﬁo,.,,.y e
160+ 'H =+ "F++ L»U'H |0 )
I R, 0 4¢* +v (F’“

% 0 + 'H —» “N +*He
L |

Fig. 8. Example of a low probability alternate chain to the m ain CNO cycle.



{28

Fig. 9.| Examples of some side chains to the main CNO cycle. Sealso Table 6.2 of HKT.
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5. Beyond He

We know we can build up to*He starting with just protons. But we can't build up heavier
elements this way as there is no stable isotope of atomic mdssand of atomic mass 8. The

list of stable isotopes is:

H1, 2 He 3, 4 Li 6, 7 Be 9 B 10, 11 C 12, 13 N 14, 15 O 16,
17,18

Also the Coulomb barriers are becoming higher and the probiity for the reaction to

occur is dropping rapidly asZ (the nuclear charge) increases.

We can't add neutrons, as they are gobbled up so fast that therare essentially none
of them in a stellar interior except under very special ciraustances. Since adding protons

won't work, we need to add -particles (*He nuclei).

URLSs for compilations of nuclear reaction rates are given ithe class web page (list of

useful URLS)

6. The Triple Process: Burning Helium Into Carbon

Burn He to C with triple- process. The details of this process were worked out by Hans
Bethe. Complicated as no stable nuclei with atomic mass 5or § 10° K is required for

this to occur.
‘He+ “He! ®Be+ Q = 0:095 MeV. The lifetime of the®Be is only 10 6 sec.
8Be+ “He! 2C (an excited state of*?C.
2c 1 c+ Q =7:37 MeV.

Since®Be is unstable in its ground state, it decays rapidly back to 2 particles,
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=2:6 10 ! sec. We can calculate the equilibrium fraction ofBe=*He by viewing
this as similar to a Saha ionization equilibrium. The Gamow g@ak (the energy di erence)

between the®Be nucleus and that of two*He nuclei is 91 keV.
We nd E; = 3:9 T62=3 keV (sinceZ =2; =2),soweneedl 12 1C¢°K.
If we ignore electron screening, we get an equilibrium equea:

n2 . m KT

n(éBe) [ 2 132 exp[= (kT)] = 1:69 10* -I-93=2 expl 1:07=Ty]

where =91:78 keV, and the units ofn are cm 2.

We then get a small equilibrium abundance dfBe, n(8Be)=n( ) 7 10 ° for pure

He with T =108 Kand = 10% gm/cm?.

The only reason such a small fraction ofBe can lead to production of an interesting
amount of 12C is that there is a resonance in the reactiofBe+ *“He! 2C to an excited
state of the 12C nucleus. If there were no resonance, the rate would be muchaltar. The
gure displays the levels of the states in the?C nucleus compared to that of 8Be +
Once the excited state of 12C is formed, it rapidly decays either back t®Be + “He or
to the ground state of 2C, emitting 2 photons. Most of the time '2C decays back to

8Be +“He, but once in about 2500 times it decays t0*?C + 2

We then get a small fraction of'2C , namely:

n(*2C )
NaNg

_ h2 _
= 3227 [—— 1% expg 0:29 MeV=kT
(3=2) [2 - 4kT] Pl ]

dn(;:C) = n(®2c )= (2C | 2¢) =
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Fig. 10.| Energy levels of 8Be versus an 2C - note the presence of an excited state

which produces a resonance in the reaction rate. (Fig. 6-11 [KT)
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h2
2m4kT

n(*He)?

3=2
(12C 1 12 C) 3 [

2 expl (m(**C ) 3m(*He)=kT]

where this mass di erence is 0.3795 keV (see the gure). Thaergy generation rate is:

dn(*C) _ 51 1 2Y3

s = [Bm(*He) m(Fo) & T =

exp( 4.40=Ty) ergssgm=sec

For the triple- process,s / T ; (4:4=Ty) 3:ForT 10PK, = 41:

7. He Burning After Carbon Is Formed

Once'2C is formed, many nuclear reactions of the general form+ NX I N*4y 4+
become possible, where the atomic number ¥fis X + 2 and its atomic weight is that of

X + 4. Speci c examples of such a a reaction chain beginning wit?C are:
+ 12C | 160 +
+ %01 2Ne+
+ ®Ne! Mg+

etc.

7.1. Carbon Detonation

For stars with M > 10M the C,O core is non-degenerate when ignited, so there is no
equivalent of the He- ash. Stars withM < 10M have a degenerate C,O core when C,0O

are ignited (T, 6 1 K), so a thermal runaway results.
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The \carbon detonation” is a postulated process in which a \dtonation wave" results

which is su cient to process all elements to*°Fe, releasing 2 10°! ergs.

7.2. Very Massive Stars

In very massive stars, the gas becomes hot enough in the cooetlsat C-burning can occur
in a non-degenerate environment via the reactions given lo@l (plus similar additional

ones). This requiresT,. 8 1K, =3 10 gm/cm3.
12c 4+ 12C 1 20Ne+ Q = 4:616 MeV
2C+ 2C1 2Na+p Q = 2:228 MeV
2c+ 2Cc1 2Mg+n Q= 2:623 MeV
The resulting composition in the core of al@ star is given in the table.

The table gives fractional abundances of various isotopeas a stellar core composed
intially of 12C, 180. After C detonation, this is transformed into mostly **0; ?°Ne and

Mg:
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Fig. 11.| The composition of a very massive star at the end of is normal nuclear reactions
after it produces a Fe core. Itis like an onion, with shells afuclear ashes of various burning

processes. (Fig. 15.5 of HKT)
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Table 1. Result of C-Burning in a Very Massive Star

Isotope Fractional Abund Isotope Fractional Abund

12¢ 2 103 %Mg 5 103
160 0.5 Mg 5 103
20Ne  0.36 27 1 103
2lNe 7 104 283 1 103
2Ne 2 104 20g; 1 104
2ZNe  0.022 30g; 7 106

2Mg  0.091
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8. The Iron Catastrophe

Stars can burn successively heavier elements, fusing thenthw or p particles, and
producing energy, until reaching®®Fe. As each fuel is exhausted, the star can try to heat
up its core to begin to burn the next fuel. If it fails to do so pior to Fe formation, the star

can no longer maintain its luminosity, and it will slowly face and die.

Once Fe is formed, fusion reactions no longer release ener@nly ssion reactions
release energy for nuclei heavier than the Fe-peak. Thus natter how much the star
attempts to contract and heat up its core to burn the next (hegier) fuel, it cannot generate

energy that way, and a runaway collapse ensues (a SN).

To understand why this happens, we need to look at the bindingnergy of nuclei,

B(A;Z). B(A;Z) = Zm,+(A Z)m, M(A;Z). For A> 10, /4 B=A 838 MeV.

If each nucleon interacted through an attractive forceB / n(pairs) / A(A 1)
A?; B=A/ A. This, while approximately true for the lightest elementsjs not true for most

elements.

So nuclear forces must saturate such that each nucleon e aaly only interacts with a

few other neighboring nucleons rather than all those in theutleus itself.

I, is the e ective radius of the nuclear force and, is the radius of typical nucleon.
Both of these are constant.R is the nuclear radius, andR = ry A, If R >r,, each

particle interacts only with the fraction (r,=R)? of the total number of nucleons.

Ev is the total potential energy of the nucleus due to nuclear taractions.
Ev / (r,=R)® A%. We need to minimize this by makingR small (collapsing the nucleus),
but this is opposed by the kinetic energy rising aR decreases due to the uncertainty

principle.
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In evaluating Ey, we must correct for points withinr, of the surface, so we get:

1
Ev = (=RPAT e (0

T6R )3 ".1

We ignore all but the rst correction term for the surface as he other terms are very small,

so have:

Ev = ko [A (9=16)(rs=ro) A*”]

We consider the thermal energy next. This is a Fermi gas of gaies with spin 1/2, the

nucleons behave like a fully degenerate gas. For a total maxfsthe nucleus of\M,

2

wRz A T kA

( )1—3
sinceR/ AS,

The Coulomb force has a potentiaEc = k. Z?=A" | Z2=R.

These terms have to be summed to g&(A;Z). ThenB=A = [ Et+ Ey + Ec]FA=
ke ki (9=16)(rn=ro) kv A ¥°* k. Z? A 3. We setZ = A=2. This approximation is

OK for heavier nuclei. The binding energy per nucleon then bemes:

B=A=ky kr (9=16)(rn=ro)kv A = (kc=4) A3

B=A = sA T AT

where the three dierent s used above are combinations of constantB=A begins at a

small number and increases a& increases untilR >r ,. If B=A decreases a# increases,
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then fusion reactions will not release energy. To nd the masmum of B=A, we set its

derivitive to O.

@B=A) _ s A 43

adt 3 (2=8) cA P =0

Then the maximum of B=A occurs whenA = (=2 ¢). ¢ 0:19my and s 197 my:
The above formula givensA nax 51, close to the Fe peak af = 56: This simple model

reproduces the observed behavior &=A fairly well.
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Fig. 12.| The binding energy per nucleon B=A is shown as a function of atomic number

A. (Fig. 6.1 of HKT)
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9. Neutron Capture Processes

Because of the decline iB=A for the elements heavier than the Fe-peak, neutron capture

reactions must be used to produce them. Such reactions have Goulomb barrier.

For neutron capture reactions, S=E, whereE represents the cross sectiorf. / 1=v
for thermal energies and / 1=\ for keV energies. The basic reason is that lower relative
velocities of the nucleus and the neutron give more time fomanteraction to occur, and
there is no Coulomb barrier. (See Clayton, sec 7-3, for def) So in the stellar case,v

constant.

Since free neutrons are very rare in stars, the abundancesetéments beyond the Fe-peak
are very low. In the Sun they are typically 10° times that of Fe itself, 10 1° times that of

H.

9.1. Source of Neutrons in Stars

AGB stars are burning H in a shell. If >C from the core can be mixed back into a zone

where H is not yet exhausted, then the following chain will mrduce neutrons:

12C(p, )lSN( +; )lSC( n )160

Similarly if *N from a H burning zone where the CN cycle dominates is mixed oa He

burning zone, neutrons can be produced:

14N( : )18F( +; )180( ; )22Ne( n )25Mg

Thus there are two neutron sources available if contortiongbout moving isotopes from
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regions where they are produced to di erent parts of the stacan occur. Presumably
convection zones move the nuclear ashes around outside tkellar core, and this leads to
production of neutrons through either'3C or 22Ne. The latter reaction requires a higheiT,

and so the former is believed to dominate in AGB stars.

If the star is too massive, core C burning occurs, and no neotrs are formed. Thus neutron

production is con ned to intermediate mass (2to 6 M ) AGB stars.

There is also presumably a large ux of neutrons in SN, but thee are produced on a very

short timescale and at much higher rates (neutrons produckmin 3/sec) than in AGB stars.

9.2. The s and r Processes

Without having to overcome the Coulomb barrier, one can syhesize heavy elements at
relatively modest temperatures by exposing seed nuclei fmaeally Fe-peak nuclei, primarily
Fe) to a ux of neutrons. Stable heavy nuclei haveN, Nn. Nuclei have magic numbera
(N = 50, 82 or 126 neutrons or protons). This corresponds to Ik shells of states of
nuclear structure, just as the very stable noble gases cospond to lled shells of electrons

in atoms.

Very heavy nuclei are stable wheiN, = N,. If they deviate strongly from this, the isotopes
become unstable and decay. The last element with any stabkotope is Bi (immediately

after Pb (lead)); all heavier elements known have no stableatope.

The general form of the reactions is4;A)+ n! (Z;A +1)+ . Eventually, perhaps
after adding several neutrons, this will produce an unstablisotope which will -decay on
timescales which range widely. Let, be the timescale over whicm captures occur. If
n >> a few hours, thes-process (slow neutron addition) prevails. If, << a few hours,

the r-process prevails.



{42

Neutron capture capture cross sections are fairly large,10to 1 barn. For = 0:1 barn,
T 10’ K, then v =3 10 ' cm¥/sec. If you want the mean time between
neutron capture reactions , to be 1¢ yr, then for a neutron densityn, = 10° cm 3,

vn, = 1=, = (3 10" sec?):

For the r(rapid) neutron capture process,, < 1sec,n, 10%cm?3. Itis hard to get

such a large ux of neutrons except in a SN.

Because the decay times for various isotopes vary widelydim fractions of a second to
many years), the isotopes produced by theand the s process di er. Thes-process isotopes
are the most tightly bound ones, those closest to the valleyf auclear stability which has

N, = Np. (See the appended gure of the and s process isotopic abundances in the Sun.)

Stellar spectroscopy almost always gives abundances ofhadats, which are the sum of those
of all stable isotopes of thatZ. The atomic abundances are a mixture af and s process
contributions of the various isotopes. Isotopic abundanseare in general known only for
the Solar wind, the Moon and cosmic rays (but the latter must b extrapolated back to the

source), where direct sampling of the material enables thes@ of mass spectrometers.

The abundances as a function of time are those of a reactionagh in equilibrium, with seed
nuclei feeding into the beginning of the chain, and very hegwuclei emerging at the end of
the chain. The neutron exposures, is de ned asd(e,) = vrn,(t) dt. The nal abundance
distribution of the elements produced beyond the Fe-peak Winvolve an integration over

the reacton cross sections times the neutron exposure as adtion of time.

B (Va)Na(®)+( va 1)Na 1(b)

We take< v > tobe< v (thermal) >. Then
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Fig. 13.] The s andr process isotopic abundances in the Sun, based on Kappelerakt
(1989). These are on a scale such thaH) = 10'%/cm3. Note the distinctive s-process

peaks atA 88, 138 and 208, and the-process peaks af 130 and 195.
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% = vina ()] A(KT) Na(t)+ A 2(KT) Na 2(t)]:
C?(I::) = A(KT) Na(t)+ A 1(kKT) Na 1(t):

This is a system of coupled linear equations. It presumablytasts with No(t =0) =0
for A > 56, and with the ®Fe (+ other Fe-peak elements, i.e. Ni etc) seed nuclei. To
establish the equilibrium abundances of all isotopes ingdhe chain (i.e. not the seed and

not the heaviest isotopes produced), we set :

= 0; sothat AN, = N in equilibrium
d(e,) ANa A 1Na 1 ( q )
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Fig. 14.| The neutron capture cross section as a function of eergy for tantalum. (Figure

from chapter 7 of Clayton)
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Fig. 15.| A schematic diagram of neutron number (X) versus atomic number (Y) showing
the path of the s and ther process through the various isotopes. Wavy lines denotedecays.

(Figure from chapter 7 of Clayton)



{47

Fig. 16.]| The s-process path through the isotopes of the rare earth samani with some
contribution from the r-process in the case of certain speci c isotopes. (Figureifn chapter

7 of Clayton)
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Fig. 17.| The distribution of heavy isotopes as a function of the neutron exposure. (Figure

from chapter 7 of Clayton)
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10. Isotopes

Nuclear reastions produce speci c isotopes. Stellar measments generally yield abundance

of a particular elements, i.e. the sum of all stable isotopes

Isotope ratios are easiest to measure among the very lighteslents where

( m)=m= m+1=mis larger) and for very heavy elements (quirk of atomic speascopy).
Key isotopic ratios:

D/H 1:5 10 4 for the Earth, 3 10 ° for the Solar atmosphere, 8 10 ° for
the ISM (from FUSE), 10 7 predicted for the center of the Sun

2c=13c 90 (Sun, photosphere), 60 (ISM), 4 (CN cycle equilibrium)

Carbon stars, AGB stars etc. show?C=°C 4 { 10.

Since isotopic ratios cannot be measured in stars for mosegients, we must therefore
look for speci c element ratios that strongly indicate the mclear process. We need to use
both abundance and isotopic ratios to disintagle the and s process contributions to the
heavy elements. Examples of key abundance ratio (most commuoseds/ r-process neutron

capture is Ba/Eu or La/Eu):
Ba (mostly s)/Eu (mostly r) = 10 (pure r process), = 45 (Sun), = 500 (pures)
The Solar Ba/Eu shows a mixture ofr and s process neutron captures.

Isotopic ratios for Eu (2 stable isotopes, 151 and 153) can beeasured (with some
di culty), but those for Ba (with several stable isotopes including 134, 135, 136, 137, 138)

are almost impossible to measure.



