
Ay 101 - Fall 2022

Hillenbrand

Problem Set 4

due Friday, 28 October, 2022

This week we are thinking about energy transport in stars. How does all that εnuc make
its way from the core to the surface?

1. Radiative Zones. Consider a star with radiative outer layers and for which opacity is
mostly electron scattering (i.e. κ = 0.2(1 +X)). Note that “radiative” means that the
energy is transported by radiative diffusion, as opposed to conduction or convection;
it does not necessarily mean that the pressure is completely due to radiation. Assume
that T = 0 and P = 0 at r = R and Mr=M in the outer layers. Show that close to
r = R,

T (r) = C × 3κµmp
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where C is an integration constant.

2. Convective Zones. For many stars, such as the Sun, there is a convective zone with
both an inner and an outer boundary. Let us consider a rough version of how this may
come about.

a. Confine your attention to the regions where the luminosity and mass of the star
may be considered to be independent of r, that is, well outside the stellar core.
Show that in the radiative region interior to the convective zone

dPrad

dP
=

κL

4πGMc
.

Here we can take Prad = 1/3aT 4 as the radiation pressure and P is the total
pressure, which can be approximated as being entirely due to ordinary ideal gas
pressure, P ' ρkT/µmH at density ρ and temperature T . Though this info may
not be needed to derive the equation above, you should find it useful in what
follows.

b. Next, integrate, under the assumption that the opacity is independent of density
and temperature. (We can consider more complicated dependences, but this
exercise will illustrate basically what happens.) Show that the result is

Prad =
κLP

4πGMc
+ C
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where C is a constant of integration. Show that
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Now write down the condition for convective instability, and show that sufficiently
deep inside the star, it must be stable irrespective of the value of C, for γ = 5/3.

c. Remember that you are integrating outward to a finite radius inside the star, not
all the way to the surface. Thus, the constant of integration C may be positive
or negative. Assuming that γ = 5/3, find the condition under which the star
becomes convectively unstable upon integrating outward.

3. Temperature Profiles of Stars. Consider a star with a density distribution ρ =
ρo(R/r), where R is the star’s outer radius. The luminosity is L, and all of the energy
is generated in a small region near r = 0. Outside that region the heat flow is constant.

a. Find the surface temperature of the star Ts assuming a black body.

b. Assuming the opacity is dominated by electron scattering at all radii (i.e., a
constant κ = κe, solve for the temperature as a function of radius inside the star,
excluding the energy-generating region. (Hint: the algebra will be easier if you
rewrite the heat flow in terms of Ts.)

c. Repeat the calculation from part [b.] assuming the opacity is described by a
Kramers law approximation with κ = κoρT

−7/2.

d. Make a plot of log(T/Ts) versus log(r/R) for your answers to parts [b.] and

[c.]. Adopt the numerical values κ = 0.34 cm2/g κoρoT
−7/2
s = 108 cm2/g, and

ρoR = 1011 g cm−2.

4. Pressure in Mixed Gas-Radiation Fluids. The centers of massive stars are hot
enough for radiation to provide a significant fraction of the total pressure. We therefore
want to understand the equation of state for gas in this regime. We will limit our
attention to fully-ionized non-degenerate non-relativistic gasses of solar composition
(µi = 1.29, µe = 1.17) where the gas and radiation field are at the same temperature.

a. What is the value of µ, the mean mass per particle in units of mH , for this solar
composition? Derive an expression for β = Pgas/(Pgas+ Prad), the fraction of
the total pressure provided by gas, in terms of the density ρ and temperature T .
Using this result, obtain the relationship between density and temperature in a
gas for which β = 0.1, i.e., gas provides only 10% of the total pressure. Evaluate
the temperature required to satisfy this condition for ρ = 10 g/cm−3.
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b. Instead of a gas-radiation fluid in terms of density and temperature, consider one
in terms of density ρ and total (gas plus radiation) pressure P . Derive an algebraic
equation for β in terms of P and ρ. Using this equation, what does β tend to in
the limit of P → 0 and P →∞?

c. Let U = Ugas + Urad =
∫M

0
(ugas + urad)dmr be the total internal energy in a

star, including both gas and radiation. Assume that β is uniform throughout the
star. Write u = (ugas + urad) in terms of P , ρ, and β. In class we derived the
virial theorem considering only the internal energy of a monatomic ideal gas and
no radiation. Now, starting with

∫M

0
P/ρdmr = Ω/3, show that a more general

virial theorem is that the total energy of the star is U + Ω = (β/2)Ω, where Ω is
the gravitational binding energy.

d. What do you conclude about how strongly bound a massive, radiation-dominated
star is?

5. Term Project. Continue the Ay101 Term Project, working on the “Weeks 4-5”
portion. This is due at the end of the term, but please try to make progress each week.

[for all assignments, please write near your name how many hours you spent on the set.]
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