
Ay 102 - Winter 2022

Hillenbrand

Problem Set 1

due 18:00, Tuesday, 11 January

The goal of these problems is to get you thinking about various aspects of the interstellar
medium, some order-of-magnitude numbers, appropriate units, and terminology that you
may not have run across before.

1. Time Scales. From the definition of the “mean free path” between interactions,
l = 1/nσ, you can easily write another equation for the mean time between interactions,
τ . We are interested specifically in direct collisions of ISM particles (not photon-matter
interactions).

a. Express τ in terms of number density n, cross section σ, and temperature T ,
justifying any assumptions

b. If we consider typical numbers in the ISM (T = 100 K, n = 1 cm−3), and assume
that σ = 10−15 cm−2 is approximately given by the geometric cross section of an
atom. What is τ?

c. In astrophysics, it is common to develop scaling relations. Use your solutions to
parameterize τ as

τcollisions = τo(
n

1 cm−3
)α(

σ

10−15 cm2
)β(

T

103 K
)γ years.

where τo is the collision time that you solved for above, and the values of the α,
β and γ exponents should be apparent.

d. Using the density and temperature numbers given for the various ISM phases in
(class / slides / textbooks), and justifying any other assumptions, find τcollisions
in units of years, for typical conditions in the:

#1. cold neutral medium (HI cloud)

#2. warm neutral medium (diffuse HI)

#3. warm ionized medium (HII region)

#4. dense cold gas (H2 cloud).

e. Now for a preview of things to come in this class. We want to compare your time
scales for the collisions, which impart energy and act to populate excited states,
to those for the radiative de-excitation of electrons from these states. For neutral
gas like in [#1.] and [#2.] above, the HI line at 21cm is the dominant coolant,
and has a radiative spontaneous de-excitation rate from the upper to the lower
level, Aul = 3 × 10−15 s−1. What can you say about the relationship between
collisions and photon production in this ISM phase?
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f. For ionized gas like in [#3.] above, the recombination of electrons leads to a
cascade all the way down to optical lines such as Hα with Aul ≈ 5 × 107 s−1.
What can you say about the relationship between collisions and photon production
in this ISM phase?

2. Clouds in the Galaxy (problem from Rydgren and Pogge)

The total mass of molecular clouds in our Galaxy is M ≈ 1.5× 109 M�, about 20% of
the total mass of the ISM.

a For simplicity, assume that every molecular cloud is a sphere of radius r = 15 pc
and mean density nH2 = 300 cm−3. What is the mass of one such cloud? How
many clouds are there in our Galaxy?

b Assume that the gas in a molecular cloud is mixed with dust, with the dust mass
equal to 1% of the mass of molecular gas. What is the total dust mass within
a single molecular cloud? If each dust grain is a sphere of graphite with radius
a = 0.1µm and bulk density ρ = 2.2 g/cm3, what is the number density of dust
grains in the cloud? If a dust grains cross section for absorbing light is equal to
its geometric cross section, what is the mean free path of a photon in a molecular
cloud before it is absorbed by dust?

3. Maxwellians. In class, we wrote down the three-dimensional form of the Maxwell-
Boltzmann velocity distribution for particles of mass m at a kinetic temperature T .

a. Show that the implied mean square velocity is < v2 >= 3kT/m.

b. When we take spectra in astronomy, we measure only one dimension, that along
the line-of-sight between us and the object, which gives the radial velocity vr.
The M-B form in one dimension is similar to the three-dimensional form, with
f(vr) = A e−mv

2
r/2kT . Defining the thermal velocity as vth =

√
2kT/m, show that

f(vr) = (m/2πkT )1/2e−v
2
r/v

2
th .

c. Recalling that
∫ +∞
−∞ f(v)dv = 1, solve for the proportionality A.

d. Write a final form for f(vr) in terms of vr and vth.

e. Compute the thermal velocities at T = 104 K for an electron and for a proton,
quoting your answers in km/s.

4. Term Project, Week 1

Try to do a little each week on the term project. Weeks 1-2 are the background and
theory, but you can jump into Week 3 if you would rather start coding.

[for all assignments, please write near your name how many hours you spent on the set.]
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