Interstellar Molecular Excitation

1. Rotational Transitions

See Kwok Chapter 7.4.

Let us consider the rotational transitions of a diatomic molecule, such as CO. The
moment of interia for the molecule is given by,

I=pry

where p is the reduced mass
myms
my + Mo

and my and mo are the mass of the two nuclei and r( is the internuclear separation.
The energy levels of the rotational states are given by,
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E; = J(J+1)

where J is the rotational quantum number.

For electric dipole transitions, AJ = +1. Therefore, the frequencies for the transition
from upper state ¢ to lower state j =14 — 1 are given by,

AE;=FE; - E;=FE;., — E;
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Note that heavier molecules will have lower energy rotational transitions. For instance
the CO (1-0) line is at 115 GHz, while CHY has its ground state 418 GHz. Also note that
molecules such as Hy, O, and Ny have no electric-dipole moment because their centers of mass
are also their centers of charge, and therefore have no electric-dipole rotational transitions.
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2. Temperature Measured by CO

See Kwok chaper 9 and Palla & Stahler chaper 6.

Here we will discuss how to use observations of CO lines to derive the temperature and
column density of a molecular cloud.

First, let us define some useful quantities:

Here T, is the equivalent temperature of a transition. T is called the brightness tem-

perature, and it is a measure of the intensity of a line coming from the source. Recall that

in the Rayleigh-Jeans limit B, = 2";”. T, is the excitation temperature and is a measure

of the population distribution between energy states.

With these definitions in mind, we can write,

TB = TO[f(Tez) - f(TBG)Hl - 6_7]

Consider the case that 7 > 1 (1 —e™" ~ 1) , which is almost always the case for the
12C18Q0 (1-0) transition. In this case, T = T,[f(Tvx) — f(Thy)]. T, is a known constant, T,
is the temperature of the CMB (2.7 K), and T is the measured quantity from the telescope.
With this measurement of the CO line, one gets T.,. For an optically thick line, the level
populations are in LTE, so Ty;, = T.,. Therefore, we have measured the kinetic temperature
of a molecular cloud with this one observation.
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3. Column Density Measured by CO

See Kwok Palla & Stahler chapter 6.1.3

Let us consider the case in which we have observed the (1-0) rotational lines of both
2C160 and 13C'%0. From the last section we know 7., from the 2C'O measurement. If
we assume that T, is the same for the 3C!0O (1-0) transition as for '2C'0O (1-0), we can
use the measured brightness of the 3C*0O (1-0) line to calculate Ty3c0, which is generally

a lot less thick than ?C'®0Q. What we now want to do is derive the total column density of
130160‘

Recall the equation for the total absorption coefficient (k,),

hv
Ry = E(niji - niBz'j)¢u

Recall also that
2hv3 /c?

exp(hv/kT.;) — 1

SV :ju/'%u -

and 3
) v
Jv = EnuAijgbu

One can therefore write

The optical depth is defined by

T, = /H,,ds

So, the optical depth of the *C'®Q (1-0) line is given by,

o Aij gi L ex hv \1 n;As
N 82 gj P kTea: Av

where As is the path length through the cloud and Av is the FWHM of the Doppler-
broadened line.
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The total column density (nAs) in 3C€0 is given by,

N B 87TV2AI/Q7'@ l—e T, !
1o = CQAIO g1 P Tea:

where 7 is the optical depth of the '*C'®0O (1-0) line and @ is the partition function, used to
correct for the fact that we only measure those molecules transitioning from the 1 - 0 state,
but we want the total column density (over all the states). The partition function for these
rotational levels is given by,

When attempting to measure column density, one should try to use an optically thin
line.
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4. Vibrational Transitions of Diatomic Molecules

See Kwok chapter 7.5.

The energy associated with the stretching of the molecular bond (vibrations) is given
by,

1
EU = (’U + §)h’UQ
where v is the vibrational quantum number and

1 |k

Vg = —
" on W
is the natural oscillator frequency and k is the spring constant.

For a molecule that is both rotating and vibrating, the energy levels will be given by,

[BJ(J +1))?

E,
(1/2)kr2 + 3BJ(J + 1)

)

1
J= <v+§>hv+J(J+1)hB—

where

. \/krg +6BJ(J +1)
prg
and the last term on the right comes from the correction due to a non-rigid rotation (variable
moment of inertia).

The selection rule for vibrational transitions within the harmonic approximation is Av =
+1. The gound-state vibrational transition (v = 1 <+ 0) is called the fundamental transition,
and transitions from higher excited states directly to the ground state (v = n <> 0,n > 2)
are referred to as overtones. Transitions between excited states are called hot bands.
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5. Molecular Hydrogen

See Kwok chapter 7.7.1.

The Hy molecule has two identical nulei and no permanent electric-dipole or magnetic-

dipole moment. The only observable transitions are electric quadrupole transitions, which
have AJ = -2, 0 and 2 (called O, @ and S branches).

The ortho state of Hy has odd J values, and the para state of Hy has even values of J.
In statistical equilibrium, the population ratio between ortho and para states is 3:1 (27 + 1)
where [ is the sum of the nuclear spins of the nuclei (I = 0 if the spins are antiparallel, and
I =1 if they are parallel).

These lines are seen in the UV - NIR. One can discriminate between lines excited by
collisions and radiation by the line strengths. For instance, radiative excitation will generally
result in more flux in the A < 2 pm lines.

H, can be seen in absorption against continuum sources with the v = 1 — 05(0) and
S(1) lines are 2.22 and 2.12 pm. If the CO v =2 — 0 (~ 2.3 pm) vibrational bands are also
seen in the same sources then one can derive the Hy to CO abundance ratio.

Ground state rotational quadrupole transitions of Hy, such as the para S(0)J = 2—0 and
ortho S(1)J = 3 — 1, can be observed at 28.2 and 17.0 pm. These lines are only observable
from space, but they are the best means of direct determination of the “low” temperature
molecular hydrogen mass in the ISM. However, the S(0)J = 2 —0 line requires the excitation
of the J = 2 rotational state, which is 500 K above the ground state. At low temperatures,
H, will be confined entirely to the ground (J = 0,1) state, and there is no emission mechanism
that can be used to determine the abundance of molecular H,.
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6. Hyperfine Lines in Molecules

See Kwok chapter 7.7.3.

Nuclear spin can introduce hyperfine splittings in molecular transitions, as we already
discussed in the atomic case. N has a nuclear spin of 1, and the rotatinoal states of HCN
are split into three hyperfine components corresponding to ' = J — 1, J, J + 1. The relative
intensities of the F =2 — 1, F =1 — 1 and F = 0 — 1 hyperfine transitions correspond
to the statistical weights of the upper states (2F' = 1) and therefore have values of 5:3:1,
respectively. HCN is widely observed in molecular clouds, and the relative intensities of the
hyperfine lines can be used to determine temperature and optical depth.

Similarly, NoH™ has hyperfine lines from each of the N atoms, and has 7 components
with separations on the order of ~ 0.2 MHz. Such separations can not be observed in the
laboratory due to pressure broadening, but can be observed in molecular clouds.

Although 2C1®0 has no nuclear spin, some isotopes (e.g. *C and 170O) do have nuclear
spin, and hyperfine lines of these isotopologues of CO can be observed. This makes it much
easier to derive the optical depth of the most commonly observed molecule.
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7. Symmetic Tops

See Kwok chapter 7.8.

A molecule with an axis of rotational symmetry with two equal moments of inertia
is called a symmetric top. For a (prolate) linear molecule, its moment of inertia along its
molecular axis (1) is very small and the two other moments of inertia (/g and I¢) are equal.

For an oblate symmetric rotator /4 = Iy < I¢. In general, the rotational constants are

given by,
h

ABC=———
T 81214 B,c

The rotational levels of a symmetric top are given by J and K, where J is the total
angular momentum quantum number, and K is the projection of the angular momentum
onto the axis of symmetry. K can take values from —J to J, but the rotational energy is
the same for clockwise and counterclockwise rotation, so there are only J + 1 K states for
each J. The rigid rotator energy levels are given by,

Ejx = BhJ(J +1) + (A — B)hK>

and
Ejx = BhJ(J + 1)+ (C — B)hK?

for a prolate and oblate top, respectively.

The selection rules for electric-dipole transitions are:
AK =0

AJ =0,+1

Because AK = 0, we see that the transition frequency associated with E;x — E(;j_1) x is
independent of K. Successive rotational transitions (J =1 — 0,2 — 1, etc.) are separated
by 2B is frequency, as was the case for linear molecules. For non-rigid rotators, centrifugal
distortion will create a K dependence on the energy levels E i (see Kwok chapter 7.8.2).
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8. Ammonia and Inversion Transitions

The ammonia (NH3) molecule is an example of a symmetric top molecule. NHj can
undergo an inversion transition where the N atom flips from one side of the plane defined by
the three H atoms to the other side. This splits each of the rotational levels into two states.
The lower state is labelled + or s (for symmetric) and the upper state is labelled - or a (for
antisymmetric).

Because the energy separations for the low rotational levels is small, the inversion states
can be easily excited. For instance, the NH; (J, K) (1,1) and (2,2) states are observed at
23.6945 and 23.7226 GHz. Each of the inversion lines is split into 18 hyperfine components
due to interaction between the electric-quadrupole moment of the N nucleus and the electric
field of the electrons and due to magnetic interactions associated with the H nuclei.

Because the frequencies of the NH; (1,1) and (2,2) inversion transitions are so close,
they can often be observed simultaneously. The relative population of the (1,1) and (2,2)
states depends on the kinetic temperature of the gas, and the hyperfine transitions allows
precise measurement of the optical depth and kinematics of the gas.
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9. Asymmetric Rotators

If none of the principal moments of intertia are equal, then a molecule is called an
asymmetric rotator. In this case, K (the angular momentrum projected onto the symmetry
axis) is no longer a good quantum number. Instead, the quatities K_; and K; (the limiting
cases of prolate and oblate symmetric tops) are used, and the energy levels are designated
as J K_1,Ki-

9.1. Water

The rotational constants for HoO are all quite different (A # B # (), so it is an example
of an asymmetric top. Each of the rotational quantum numbers J is split into 2J + 1 levels,
which are described by two additional labels K_; and K;. K_; takes values 0, ..., J and
takes values K1 = J — K_; or K; = J — K_1 + 1 (except when K_; = 0, in which case
K,=J-K,).

For example, if J = 0, then the only allowed state (Jx , k) is Opo. For J =1, K_; can
take values 0 or 1 and the allowed states are 1¢;, 119 and 1;;. The total number of states is
2J + 1.

The selection rules are:
AJ =0,%1 and
(K_1, K1) =4+ < — and —+ <> +—,
so there is no cross transition between ortho and para states.

These selection rules allow for transitions down each J ladder (e.g. 432 — 423 where
AJ = 0) as well as transitions to the next ladder (e.g. 532 — 441 where AJ = 1). Although
most of these transitions are in the far-infrared, sometimes two states in adjacent ladders can
be very close in energy and the transition can occur in the radio region (e.g., the 615 — 53
at 22 GHz).

For these radio transitions, when the upper state (e.g. 616) is at the bottom of the
ladder, molecules often accumulate in those states, resulting in a population inversion

Recall (Kwok eq 5.15) that the atomic absorption coefficient is given by,

i9\
a, = (1 - n_g_J> _VBijgbu

n; .]z 4

In a population inversion, the absorption coefficeint is negative, as is the optical depth.
This results in an exponential increase of line intensity with path length, as each stimu-
lated absoprtion will induce further stimulated emission. This is known as masing, and the
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intensities of maser lines are very bright and easy to detect.

Besides H20O, other examples of masers are CH3OH (similar to a symmetric top) and
OH. Maser lines are especially useful because they are compact and bright enough to be
mapped by interferometers, and are often used as a signpost of star formation, as they are
associated with UCH II regions, disks, jets and outflows.



